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1 Syntax Encoding

We define the encoding for the syntactic constructs used in the specifications presented in the paper into our core
specification language as follows:

if P then ¢ else ¢ fi = ([P]; ¢) U ([-P];¢) when P is pure
AL, T2y T O 2 AL ATae . ATy O
flri, 2o 20) 2 ((fr))zs) ... 2y
let f(7¥) = ¢ iny = let f = AT, ret. ¢ in ¥
letrec f(#) = ¢ in ¢ = let f = pA. \¥, ret. ¢ in 1)
return r £ [ret = 1]
return f(7) £ let y = f(%) in return y
return fi(21) M... fu(2,) £ return fi(21)M...return f,(2;,)
let = = £(7) in ¢ 2 3. (. 2); 6
let = = /()6 2 let = = f(7) in ¢
let w,z = £(7) | () in 62 3w,z f(7w) || (7 2); &
let w, z = /(&) | f(7); 62 let w,z = £(&) | f(7) in &

2 Atomicity and Refinement

In this section we formalise the assertion language, the assertion model, the specification language and the associated
semantics of refinement. We establish an adequacy theorem (theorem [1]) justifying our refinement relation with
respect to an operational semantics. The semantics and proofs are inspired by the earlier work of Turon and Wand [?]
and follow a similar structure. Major differences arise from our combination with TaDA [?], as the assertion model
and the atomicity semantics are entirely different. We then define general refinement laws, refinement laws for
atomicity and encode the concept of hybrid specification statements that combine atomic and non-atomic effects
and define associated refinement laws, and show that they are sound.
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2.1 Specification Language

Specification programs and the assertions used in specification statements share the same variable environment.
We do not distinguish between program variables and logical variables. For the general theory of atomicity and
refinement that we develop in this section, we only use a basic set of boolean and integer values and associated
expressions. We leave these definitions open-ended and applications of our theory, such as the POSIX specification,
can extend these as appropriate.

Definition 1 (Variables and values). Let VAR be a countable set of variables. Let VAL be the set of values assigned
to variables, at least comprising booleans, integers and the unit value, 1 = {()}.

VAL2BUZUL...

Variable stores, p € VARSTORE £ VAR — VAL, assign values to variables.

The variable environment defined above is basic, and will require extensions when defining the semantics of
assertions and specification programs. This is because some variables, for functions and recursion, will receive
special treatment.

Definition 2 (Expressions). Ezpressions, e,e’ € EXPR, are defined by the grammar:

FExpressions e,e/ = w value v € VAL
| z variable x € VAR
Boolean FExpressions | —e negation

| ene’  conjunction

| eve  disjunction

| e=¢€" equality

| e <€ inequality
Integer Fxpressions | e+€ addition

| e —€'  subtraction

| e-e  multiplication

| e+€  division

Here we have chosen the =+ for division, to distinguish from the path separator used in POSIX. Expressions
have a standard, albeit partial, denotational semantics.

Definition 3 (Expression evaluation). Expression evaluation, [—] : VARSTORE — EXPR — VAL, is defined as a
partial function over expressions parameterised by a variable store:

[v]” = v
[2]” £ p(=)
[el” £ =[e]”  if [e]” B
fenel” = [el’ Al€]” if [e]” €B and [¢']” € B
level =el’ VIEY if [e]” €B and [¢']" € B
[e=¢1" £ [e]” =[]
fe<e]” 2e]l’ <[] if[e]’ €Z and [¢']" € Z
le—€1” 2 [e]” =[] if [e]’ € Z and [']” € Z
le-e1” 2 el” - [€1° if [e]” €Z and [€']" € Z

[e €1’ 2 [e]” = [€]1” if [e]” € Z and [']” € Z\ {0}

In all other cases, the result is undefined.

When the denotation of an expression is undefined, a fault is triggered in the semantics of our specification
language.

Our assertion language is based on TaDA [?], extending intuitionistic separation logic [?] with regions, guards
and abstract predicates. However, we exclude the atomicity tracking components.



Definition 4 (Assertion Language). Assertions, P,Q, R € ASSRT, are defined by the grammar:

Assertions P,Q,R ::= false falsehood
| true truthfulness
| P*Q separating conjunction
| PAQ conjunction
| PVQ disjunction
| =P negation
| . P existential quantification
| Va. P universal quantification
| P=Q implication (material)
| e e heap cell at e storing €’
| tE (e e) shared region «, of type t, region level k,

parameterised by € and with abstract state e’

| I(tk(€,e")) shared-region interpretation
| [G(e)], guard G for region «, parameterised by €
| ap(€) application of abstract predicate ap to parameters €
| I.(ap(€)) interpretation of abstract predicate
| prede application of concrete predicate pred to e
| e expression

Concrete Predicates pred ::= Ax. P non-recursive predicate
| uX. Ax. P recursive predicate
| X recursion variable

Recursion variables, X € ASSRTRECVARS, are taken from a countable set, disjoint from VAR. The binding prece-

dence, from strongest to weakest, is: —, %, A\, V,V,3,=.

We define a core specification language, based on the atomic specification statement. As we will see later, the
hybrid and Hoare specification statements are defined in terms of sequences of atomic statements.

Definition 5 (Specification Language). The language of specifications, L, is defined by the following grammar:

Specifications o, = P Sequential composition

| & || ¥ Parallel composition

| oUW Angelic choice

| oM Demonic choice

| Jz. ¢ Existential quantification

|let f=F in ¢ Function binding

| Fe Function application

| VZ. (P, Q), Atomic specification statement
Functions F.:= f Function variable

| A Recursion variable

| Fy Function literal
Function Literals — Fy = pA. dx.¢ Recursive function

| Ax. ¢ Function

where k € RLEVEL is defined in section [2.2

Recursion variables, A € RECVARS, and function variables, f €

FUNCVARS, are taken from disjoint countable sets, both disjoint from VAR, and cannot be bound or free in P or Q.
Predicate-recursion variables, X € ASSRTRECVARS, are also disjoint from RECVARS and FUNCVARS and cannot
be bound or free in ¢. The operator binding precedence, from strongest to weakest, is: Fe, pA., Ax.,M,U,3z.;, |,
with parentheses used to enforce order.

2.2 Model

Our assertions about the shared state are based on those of TaDA. The same applies to the models of assertions

which we develop here. Therefore, the contents of this chapter are heavily based on the model of technical report
of TaDA [?].



Regions, guards, region levels, atomicity contexts and abstract predicates are merely instrumentation — also
referred to as ghost state in the literature — of the concrete shared state, the purpose of which to enable scalable,
modular and compositional reasoning for concurrent programs. We take the concrete state shared between threads
to be the heap memory.

Definition 6 (Heaps). Let ADDR be the set of addresses such that ADDR C VAL. A heap, h € HEAP = ADDR fin
VAL, is a finite partial function from addresses to values. Heaps form a separation algebra (HEAP,W, (), where W

18 the disjoint union of partial functions and 0 is the partial function with an empty domain. Heaps are ordered by
resource ordering, h1 < ho g dhs. h1 W hs = ho.

Definition 7 (Guards and Guard Algebras). Let GUARD be a set containing all the possible guards. A guard
algebra ¢ = (G, e,0,1) comprises:

e a guard carrier set G C GUARD,
e a partial, binary, associative and commutative operator @ : G X G — G,

e an identity element, 0 € G, such thatVr € G.0ex =z,

e o mazimal element, 1 € G, such that Ve € G.x < 1, where x <y g Jz.xez=y.

We denote the set of all guard algebras as GALG. A guard algebra, is a separation algebra with a single unit,
0. Given guard algebra ¢ € GALG we denote: the carrier set of guards with G, the identity (zero) guard with Oc,
the maximal guard with 1. and the resource ordering <. Let gi,g92 € G;. We denote with g1#g2 the fact that
g1 ® go is defined.

Regions have an abstract state. Each region is associated with a labelled transition system, the transitions
of which define how the abstract state of the region can be atomically updated. Each transition is labelled by a
guard. A thread has the capability to update the abstract state of a region, only if it owns the guard resource that
“guards” the transition by which the update is allowed.

Definition 8 (Abstract States and Transition Systems). Let ASTATE be a set containing all the possible region
abstract states. Let ( € GALG. A guard-labelled transition system, 7 : G¢ "R P(ASTATE x ASTATE), is a
function mapping guards to abstract state binary relations. The mapping is required to be monotone with respect to
guard resource ordering (<) and subset ordering; having more guard resources permits more transitions. The set

of all (-labelled transition systems is denoted by ASTS..

We do not restrict the transition relations for a guard g € G.. However, in general we will use the transitive-
reflexive closure 7 (g)*.

Regions have types, that associate regions of the same type with a guard algebra and a guard-labelled transition
system.

Definition 9 (Abstract Region Types). Let RTNAME be the set of region type names. An abstract region typing,

T € ARTYPE £ RTNaAME — 4  {¢} x AsTs,
¢eGALG

maps region type names to pairs of guard algebras and guard-labelled transition systems. Let t € RTNAME. The
guard labelled transition system of the region type name t is denoted by T.

Definition 10 (Abstract Predicates). Let APNAME be the set of abstract predicate names. An abstract predicate
ap € APNAME x VAL", comprises an abstract predicate name and a list of parameters. An abstract predicate bag,
b cAPBAGc: Min (APNAME x VALY), is a finite multiset of abstract predicates. Abstract predicate bags form a
separation algebra, (APBAG, U, (), where U is the multiset union and 0 is the empty multiset. Abstract predicate
bags are ordered by the subset order C.

Regions may refer to other regions and circularities may arise. This is a problem for the refinement laws that
allow us to open a region, by replacing it with its interpretation. During the derivation of a refinement, if there
is a circularity, then the refinement laws could be used to open the same region twice. This is unsound, as it
would replicate the resource encapsulated by the region. To prevent this unsoundness, we associate each region
and specification statement with a region level.



Definition 11 (Region Levels). A region level, k € RLEVEL = N, is a natural number. Levels are ordered by the
< ordering on natural numbers.

Intuitively, region levels track the nesting depth of regions. The region level associated with a region indicates
how deeply the region is nested. The region level associated with a specification statement indicates how far we can
look into regions. In order to open a region, we require that the region level associated with the region is less than
the region level associated with the specification statement. When a region is opened, the region level associated
with the specification statement containing it is decreased. Then, if the same region is encountered again, its region
level will be greater that than of the specification statement, and thus it will not be possible to open it again.

Each region has a unique identifier, which is used to identify the region’s type, region level and parameters.
Definition 12 (Region Assignments). Let RID be a countable set of region identifiers. A region assignment,
r € RAss £ RID M RLEVEL x RTNAME x VAL", is a finite partial function from region identifiers to region levels

. ) . ) . . d
and parameterised region type names. Region assignments are ordered by extension ordering: r1 < ro L o €
dom(ry). ro(a) = ri(a).

In the following definitions, we assume a fixed abstract region typing, T € ARTYPE. Each region in a region
assignment, is associated with guards from the guard algebra defined in the region typing.

Definition 13 (Guard Assignments). Let r € RASS be a region assignment. A guard assignment,

veGAssN, 2 [ Grerrain,

acdom(r)

is a mapping from the regions declared in the region assignment r to the guards of the appropriate type for each
region. The guards assigned to a region with region identifier o are denoted by y(«). Guard assignments form a
separation algebra, (GASSN,, e, \a. OT(T(Q)QNI), where o is the pointwise lift of guard composition:

71 072 £ Aa. i () @ vz ()

For 1 € GASSN,, and v € GASSN,,, with 1 < 12, guard assignments are ordered extensionally:

def
1 <2 <5 Va e dom(y). 71 (@) < va(a)
Each region in a region assignment, is associated with an abstract state: the abstract state of the region.

Definition 14 (Region States). Let r € RASS be a region assignment. A region state
B € RSTATE, £ dom(r) — ASTATE

is a mapping from the regions declared in r to abstract states. For i € RSTATE,, and B2 € RSTATE,,, with
r1 < rg, region states are ordered extensionally:

B < Bo L Yo € dom(By). Bila) = Ba(a)

Hitherto we have given the semantic definitions required for regions. Now we proceed to develop the semantics
definitions for the instrumented states that constitute the models of the assertion language of definition |4 We call
these instrumented states worlds.

Definition 15 (Worlds). A world

w € WORLD £ L—ij ({r} x HEAPX APBAG x GASSN, X RSTATE,)
rcRAss

consists of a region assignment, a heap, an abstract predicate bag, a guard assignment and a region state.

Worlds are composed, provided they agree on the region assignment and region state, by composing the heap,
abstract predicate bag and guard assignment components in their respective separation algebras. Worlds form a
multi-unit separation algebra (WORLD, o,emp), where

(r,ha, b1, 71, 8) © (7, ha, ba, Y2, B) £ (r,hy W ho, by Ubz, 71 ® 72, B) emp £ {(r,0,0, Av. Op(r(a)y,)4, - B) }



Worlds are ordered by product order:

d
(r1,h1,b1,71, 1) < (12, ha, b, ¥2, B2) PN r1 <rgAhy <haAby <bs Ay <72 AP < B2

Thus, if w1 < we, we can get wo from wy by adding new regions, with arbitrary associated type name and state,
and adding new heap, abstract predicates and guards.

Let w € WORLD be a world. We denote its region assignment component with r,,, its heap component with
h., its abstract predicates component with b, its guard assignment component with v, and its region states
component with (,,.

Definition 16 (World Predicates). A world predicate, p,q € WPRED £ PT(WORLD), is a set of worlds that is
upwards closed with respect to the world ordering: Yw € p. 3w’ . w < w' = w' € p. We get composition of world
predicates by lifting the composition of world:ﬂ'

prqg=2{w | I €pw’ €qw=uw ow"}
World predicates form a separation algebra, (WPRED, x, WORLD).
Environment interference is abstracted by the rely relation.

Definition 17 (Rely Relation). The rely relation, R C WORLD x WORLD, is the smallest reflexive and transitive
relation that satisfies the following rule:

g#q (s,5") € Temy(9)*
(rla = (k,t,v)], h,b,y[a — g], Bla — s])R(r[a — (k,t,v)], h,b,y[a — g], Bl — §])

The rely relation rule states that the environment can update a region, if it owns a guard ¢’ for which the
update is allowed and as long as that guard is compatible with the thread’s own guard g.
Interference is explicitly confined to shared regions.

Definition 18 (Guarantee Relation). Let k € RLEVEL be a region level. The guarantee relation, G, C WORLD X

WORLD, is defined as:
def
w G, w' PN

Vo (3K > k.ry(a) = (K, —, =) = Bu(@) = Bu(a)

The guarantee relation enforces that regions with level k or higher cannot be modified.

Definition 19 (Stable World Predicates and Views). A stable world predicate is a world predicate that is closed
under the rely relation.

p stable PN R(p)Cp

Stable world predicates are referred to as views. The set of views is denoted by VIEW.
VIEW = {p € WPRED | R(p) C p}

Ordering on views is defined by:
d
p<gq BN YwEp,w €qw<w

Lemma 1. Stable world predicates are closed under x, U and N:
p stable A ¢ stable = p x q stable

p stable A ¢ stable = p U ¢ stable
p stable A ¢ stable = p N ¢ stable

In the paper, we have given examples of how regions are interpreted into the shared state they encapsulated
and how abstract predicates are interpreted to their implementation through respective interpretation functions.
We now formally define these interpretation functions.

1The result of the composition is upwards closed: any extension to the composition of two worlds can be tracked back and applied
to one of the components.



Definition 20 (Region Interpretation). A region interpretation
I € RINTERP £ (RLEVEL x RTNAME x VAL*) x RID x ASTATE — ASSRT
associates an assertion with each abstract state of each parameterised region.
Definition 21 (Abstract Predicate Interpretation). An abstract predicate interpretation
I, € APINTERP £ APNAME X VAL* — ASSRT
associates an assertion with each abstract predicate.

We give a denotational semantics to the assertions of definition [4] in terms of world predicates. We require
assertions to be stable and thus the denotations of assertions are required to be views. To ensure the stability of
the denotations we use the following auxiliary predicate:

stab(p) 2 p if p e VIEW
0 otherwise

We extend the basic values of definition [I] with views and extend the variable stores analogously. Furthermore,
to define the denotation of recursive predicates, we extend the variable stores so that predicate-recursion variables
are mapped to functions from values to views.

VALy4 2 VAL U VIEW VARSTORE4 2 (VAR — VAL4) & (ASSRTRECVARS — (VAL4 — VIEW))

Definition 22 (Assertion Interpretation). The assertion interpretation function, (—)~ : ASSRT — VARSTORE 4 —
VIEW U (VAL — VIEW), maps assertions to views, or functions from values to views, within a variable store.

(false)” = 0

(true)” = LVIEW
(P« Q)" = (P)” = (Q)”
(P A= (P)"N(Q)
(P v Q)= (P)uQ)”

(—P) (UVIEW \ (P)”
Bz Py & ] (Pprl]

VEVAL 4

ﬂ (]pr[sz]

vEVAL 4
(P = Q)= (UVIEW\ (P)?) U (Q)”
(e~ ¢')? £ stab({w € WORLD | hy([e]”) = [¢]°})

(tE (e eHr stab({w € WORLD | 7,(a) = (k,t, W) A Buw(a) = [e'ﬂp})
£ (1((h, &, [e), o, [T
= stab({w € WORLD | G (W) < 'yw(a)})
(ap(€))” & stab({w € WORLD | (ap, [[e_]]g) c bw})

(L (ap, [e]))?
P& . (P)Ple]

)
)
(uX. \z. P)* & |_| {wy € VAL4 = VIEW | (Az. P)PE=wr] <y}
)
)

A
{1 1 | |

[I>

(Vz. P)?
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stab((pred)” ([¢]"))
UVIEW if [e]” = true
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Note that on their own, concrete predicates are interpreted as functions from values to views.

Functions from values to views, VAL 4 — VIEW, are ordered by pointwise extension of the ordering on VIEW.
Together with the following lemma, this guarantees the existence of the least fixed point for recursive predicates.

Lemma 2. For all assertions P and recursion variables X, the function, (P)P1X~~1: (VAL4 — VIEW) — VIEW,
18 monotonic.

Proof. By straightforward induction over P. O

Assertions are interpreted as views. These include all the instrumentation in terms of regions, guards, atom-
icity tracking components and abstract predicates. We now proceed to define the means by which all of the
aforementioned instrumentation is reified to concrete heaps.

Definition 23 (Region Collapse). Let I € RINTERP be a given region interpretation. Given a region level k €
RLEVEL, the region collapse of a world w € WORLD, is a set of worlds given by:

wikE {wo (W', 0) | w € ®a | 3w <hiry(@)=(k'— )} ([ (Fw(@), @, Bu(@)))?}
Region collapse is lifted to world predicates as expected: pik;é Uwepwik;.

Definition 24 (Abstract Predicate Collapse). The one-step abstract predicate collapse of a world is a set of given
worlds given by:

(r,h,b, 7, B) 112 {(1, 7, 0,7, 8) ow | w € ®apenla(ap))?}

This is lifted to world predicates as expected: p Ll;é U w |1;. The one-step collapse gives rise to multi-step

wep
collapse: p Ln+1;é (pln;) l1;. The abstract predicate collapse of a predicate (view), applies the multi-step collapse
until all abstract predicates are collapsed:

pl={w | In.wE€pl,. Aby, =0}

The above approach to interpreting abstract predicates effectively gives a step-indexed interpretation to the
predicates. The concrete interpretation of a predicate is given by the finite unfoldings of the abstract predicate
collapse. If a predicate cannot be made fully concrete by finite unfoldings, then it’s interpreted as false.

Definition 25 (Reification). The reification operation on worlds collapses the regions and the abstract predicates,
and then only retains the heap component:

Lw]lk; 2 {hy |w' € w ks |}
The operation is lifted to world predicates as expected: ||pl|x. = Uwepllwllk;-

2.3 Operational Semantics

We give a largely standard operational semantics for the specification language of definition [p} The semantics of
atomic specification statements are defined via a state transformer on concrete states: the heaps of definition [6]

Definition 26 (Atomic Action State Transformer). Given a region level, k € RLEVEL, the atomic action state
transformer, a(—, —), (=) : VIEW x VIEW — HEAP — P(HEAP), associates precondition and postcondition views
to a non-deterministic state transformer:

a(p,q), (h) £
Vr € VIEW.Vw € pxr. }

!/
{h € Heap he||wl]e AT .wGg w AR € W]k Aw €gxr

Given a starting heap, h € HEAP, which is contained in the reification of p composed with all possible frames,
a(p, q), (h) returns the set of heaps that result from the reification of ¢ composed with all possible frames, as long
as the result is within the guarantee relation.

The use of a state transformer for the semantics of atomic actions is similar to the semantics of atomic actions
in the Views framework [?]. The definition of the atomic action state transformer we have given here, corresponds
to the definition of the primitive atomic satisfaction judgement in the semantics of TaDA [?], that defines the
semantics of physically atomic actions.

View-shifts [?] are relations between assertions that reify to the same concrete states but may use different
instrumentation. In other words, view-shifts allow us to change the view of the underlying state. Examples of
view-shifts include the allocation/deallocation of shared regions and the opening/closing of abstract predicates.



Definition 27 (View Shift). View shifts are defined as follows:

ki AFP<Q &L
Vp.Vr € VIEW.Vw € (P)? *r.Vh € |[w]g,. I w G, w' Ah € [0 [, Aw' € (Q)? *r

Lemma 3 (Implications are View Shifts).
AFP=Q

AkFP<Q

Definition 28 (Operational Semantics). Let § denote fault. Let outcomes be o € Heapt 2 Heap W {s}. Let
configurations be k € CONFIGS £ ((E x HEAP) U HEAPE). The single-step operational transition relation, ~~ C
(L x HEAP) x CONFIGS, is the smallest relation satisfying the rules:

(1) (2) (3) (4) (5)
¢ h~~ ¢ W ¢, b~ I ¢ h g ¢l h~n ¢, h~~ ¢ W

G, hos ¢, I G, b~ Y, I o9, b~ g Vg h~k Gl ko~ ¢ |, W
(6) (7) (8) (9)

¢, h~~ b G, h~ ¢ bish ~ K ie{1,2} Vie {1,2}. ¢, h~ K
G|l by b~ b, B ol b3 $1Uda, h vk ¢1 M P2, h~ K
(10) (11) (12) (13)
v € VAL4 plv/z], h~ kK PLE/fl,h~ K (Az. ¢ [nA. Ax. p/A])e, h ~ K olle] /=], h ~ K
dz. P, h ~ kK let f=Fin¢,h~k (LA dx. p)e,h ~ K (Ax.p)e,h ~ K
(14) (15)
Y p)[E—7] G A 15
eﬁé%ﬁa(q AL )k( ) vae;vxia(QowHm,QQpﬁHm)k(h)::@
VE (P, Q) b~ I VE(P, Q) h ¢

—
where: [e] denotes the denotation of the expression e in the empty variable store, i.e. e has no variables; ¥ € VAL
denotes a vector of values; and [Z — ¥] denotes a function mapping each variable in the vector T to a value in the
vector ¥. The multi-step operational transition relation, ~~*, is defined as the reflexive, transitive closure of ~.

The operational semantics is defined on closed specification programs. A specification program is closed when
it has no free variables. This is largely for simplicity; variables are immutable. The operational semantics of a
specification program with free variables can be defined with respect to all closing contexts.

2.4 Refinement

We say that a relatively concrete specification program ¢, implements a more abstract specification program 1,
when every behaviour of ¢ is also a behaviour of ¥. Then, any client, or context, interacting with 1 can also
interact with ¢ in the same way, without observing different behaviour. Formally, this is expressed as contextual
refinement, which define in section [2.5

Reasoning about contextual refinement involves reasoning about all possible contexts, which hinders our ability
to derive useful refinement laws to include in a refinement calculus for atomicity. To overcome this difficulty, we
additionally define a denotational trace semantics for specification programs, giving raise to a denotational version
of refinement, in section which we prove sound with respect to contextual refinement in section Then, by
the compositional nature of denotational semantics, we are able to justify a large selection of refinement laws in

section 2.8
2.5 Contextual Refinement

We consider standard single-holed contexts of specifications. We denote a (single-holed) specification context by C
and context application by C|g].



Definition 29 (Contextual Refinement). Let h € HEAP.

Clol,h " = Clpl,h "¢

¢ Copt) = VC’h’h'{cM,hw* W= CY)h " HV ClY) "

Contextual refinement is given a partial correctness interpretation. If ¢ terminates by faulting, then ¢ must
do the same. On the other hand, if ¢ terminates successfully, then ¥ must either successfully terminate with the
same result, or fault. Faults are treated as unspecified behaviour. They are the most permissible of specifications;
everything is a valid refinement of unspecified behaviour. Finally, if ¢ does not terminate, it is still a refinement of
1, as long as 1 terminates. Hence, ¢ T, ¥ does not guarantee termination of ¢.

2.6 Denotational Refinement

Following the approach of Turon and Wand [?], the denotational model for specification programs is based on
Brookes’s transition trace model [?], adjusted to account for heaps and faults. A transition trace is finite sequence
of pairs of heaps, (h,h'), called mowves, possibly terminated by a fault, either due to the specification program
faulting on its own accord, (h,$), or due to interference from the environment causing the specification program to

fault, (5,3).
Definition 30 (Transition Traces). Single successful transitions (moves) in a trace are: MOVE £ HEAP x HEAP.
Faulty transitions in a trace are: FAULT = Heap! x {g} Transition traces are defined by the reqular language:
TRACE £ MOVE*; Faurt’. The empty trace is denoted by €.

We use s,t,u € TRACE to range over traces and S,T,U C TRACE to range over sets of traces. Note that sets

of traces form a lattice: the powerset lattice. Due to the existence of faults, we extend concatenation of transition
traces such that an early fault causes termination.

Definition 31 (Trace Concatenation). Let s,t € TRACE. Concatenation between traces is defined such that a fault
on the left discards the trace on the right:

YL if Ju € TRACE. s = u(h,$) Vs =u(s,$)
| st otherwise

Trace concatenation is lifted pointwise to sets of traces: S;T = {st | seSAte T}.

Each move in a trace corresponds to a timeslice of the execution of a specification program ¢, where we observe
a starting and an ending state from the operational semantics. Arbitrary interference is allowed between discrete
timeslices of execution.

Definition 32 (Multi-Step Observed Traces). The multi-step observed traces relation, O[] C L x P(TRACE), is
the smallest relation that satisfies the following rules:

(16) (a7) (18)
¢, h ~* 0 O, h~"ap B t € Of¢]
(5,3) € O[4] (h,0) € O[¢] (h, W)t € O[¢]

For example, a trace (hy, h})(ha, hy) for ¢ comprises two moves. The first, (hy, h}) is a timeslice arising from an
execution ¢, hy ~* 1, h}. The second, (hs, hj) is a timeslice arising from an execution ), ho ~»* ¢’ hi. In between
the two timeslices, the environment executed some other specification program thus changing h} to hs.

The denotational semantics, defined shortly, provide an alternative mechanism to O[¢] that is compositional
on the structure of ¢. However, to define the denotations of parallel composition, ¢ || ¢, in terms of the traces of
¢ and 1, we need to non-deterministically interleave sets of traces.

Definition 33 (Trace Interleaving). Let s,t € TRACE. The non-deterministic interleaving of s and t, denoted by
s || t, is the smallest set of traces that satisfies the following rules:

(19) (20) (21) (22)
set]u set|u
seult (hyh')s € (hy W)t || u (h,h")u € (hyh') || u (h,g) € (h,9) || w

The interleaving is lifted pointwise to sets of traces: T || U £ {s €t || u ’ teTAhueU}.
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In the model of Brookes, the transition traces O[¢] of ¢ are closed under stuttering and mumbling [?]. Stuttering
adds a move (h,h) to a trace, whereas mumbling merges two moves with a common midpoint. For example,
(h,h")(h', ") is merged by mumbling to (h, h"). The stuttering and mumbling closures correspond to the reflexivity
and transitivity of ~~* respectively.

Definition 34 (Trace Closure). The trace closure of a set of traces T, denoted by T, is the smallest set of traces
that satisfies the following rules:

(23) CLSTUTTER CLMUMBLE (24) (25)
teT ste Tt s(h, W) (W, o)t € TT t(h,s) e Tt
teTt s(h,h)t € TT s(h,o)t € T (5,5) Tt t(h,hyu e TT

Let f : VAL — P(TRACE). Trace closure is pointwise extended to functions from wvalues to sets of traces: f1 =
M. f(v)'

The last two rules regarding faults were added to the closure of Brookes [?] by Turon and Wand [?]. Intuitively,
rule captures the fact that the environment of a specification program ¢, may cause it to fault at any given
time. The rule (25) captures the fact that faulting behaviour is permissive: a specification program that terminates
with a fault after a trace t, can always be implemented by a specification program that continues after ¢.

The denotational semantics of specification programs are defined as sets of (closed) traces. We extend the
variable stores used for assertions, so that function and recursion variables are mapped to functions from values to
sets of traces.

VARSTORE,, £ VARSTORE 4 ¥ ((FUNCVARS & RECVARS) — (VAL4 — P(TRACE)))

Definition 35 (Denotational Semantics). The denotational semantics of specification programs are given by the
function, [-]~ : VARSTORE, — L — P(TRACE), mapping specification programs to sets of traces, within a variable
environment.

[o: 417 2 ([617 5 [w1”)!
[o 1 1”2 ([61° || [41°)"
[ouv]” 2 ([¢]” U [4]°)
[o 9] 2 ([¢]” N [4]°)

.
( U u¢n”ml>

VEVAL 4

(1>

[Fz. ¢]°

=
[¢]
&+
K"
I
B
5
<
>
>

'y [[¢ﬂﬂ[f'—>[[F]]p]

]

]

117 2 p(f)!

[4]” 2 p(A)T
= ﬂ {Tf € VAL4 — P(TRACE) ‘ Ty =Tyt A [Aa. )47 70 C Tf/T}

. ¢]” 2 Av. [¢] )

¥ € VAL A I € a((P)PlE=7, (Q)ela=l) (h)}

7e VAL A a((P)P1#=7 (Q)F=7), (h) = 0
AQYPET 0

(h,h') € MOVE

—_
<
8

v

S

??I‘:I

he)
>

Uq (h,$) € HEAP!

The semantics is relatively straightforward. Sequential composition is concatenation and parallel composition is
non-deterministic interleaving (of closed traces). Angelic and demonic choice are union and intersection respectively.
These correspond to the join and meet of the lattice of trace sets (the powerset lattice) respectively. Existential
quantification is the standard set union over all values.

For recursive functions we use the Tarskian least fixed point. Note that functions from values to trace sets,
VAL — P(TRACE), are ordered by the pointwise extension of the ordering on P(TRACE). Furthermore, the [
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and C in the fixed-point definition correspond to the meet and partial order of the lattice arising from the pointwise
extension of P(TRACE) to the function space VAL — P(TRACE). Together with the following monotonicity lemma,
this guarantees the existence of the fixed point.

Lemma 4. Let vy € FUNCVARSWRECVARS, ¢ € L and p € VARSTORE,. The function [[qb]]p[wa_} : (VAL — P(TRACE)) —
P(TRACE) is monotonic.

Proof. By straightforward induction over ¢. Base cases A, f trivial. Inductive cases follow directly from the
induction hypothesis. O

The denotational semantics are defined in terms of sets of finite traces. A finite trace is always terminated either
by the implementation itself, or by a fault caused by the environment. Infinite traces are discarded. Consider the
denotations of the specification program (uA.Az. Az) (). By the least fixpoint and rule of the trace closure
(definition , the only finite trace for this specification program is (§,5). The denotational semantics of infinite
recursion are finite traces that terminate with a fault caused by the environment.

With the denotational semantics defined, we can give a denotational version of refinement based on the partial
order of trace sets.

Definition 36 (Denotational Refinement). ¢ Cgen ¢ iff, for all closing p, [¢]° C []”.

Throughout this dissertation, unless explicitly stated, we use denotational refinement, writing ¢ C v to mean

(b Eden 1/}

2.7 Adequacy

We relate the denotational and operational versions of refinement in two steps. First, we establish the following
lemma, showing that denotational semantics produce the same closed trace sets as the operational semantics. The
proof details are given appendix [A]

Lemma 5. If ¢ is closed, then [[(;5]]@ = (0[4])".
Proof. From corollary [f] established in appendix [A] O

Second, with the following theorem we establish that the denotational refinement is a sound approximation of
contextual refinement. We are not interested in establishing completeness; all the refinement laws in the subsequent
sections are justified by the denotational semantics.

Theorem 1 (Adequacy). If ¢ Caen 9, then ¢ Top 9.

Proof. Let ¢ Cgen ¥. Let C be a context that closes both ¢ and . We write C[¢] and C[¢] for the closed
specifications under C. Then, by deﬁnition [[C[gb]]]@ C [[C[?/}H] By lemma 5L (O[Clol])' € (o[C).

o Let Cl¢l,h ~* 5. By rule ([7) (def. B2), (h,3) € O[C[¢]]. By definition 34 (h,5) € (O[C[¢]]) and
thus (h,3) € (O[C[¥]])". Then by definition either (h,3) € O[C[¥]] or there exist h',h” s such that
(h,h")s(h",3) € O[C[¥]]. In both cases, by deﬁnition we get that C[y], h ~* ¢ and thus C[¢], h $.

o Let C[¢], h ~* h'. By rule (T7) (def. [32), h n') € O[C[¢]]. By definition [34 (h, 1) € (O[C[¢]])' and thus

(h,h') € (O[C[w ]]]) Then, by deﬁnltlon 34] we have the following cases:

i). (h,h') € O[C[Y]]

ii). there exist A", h", s such that (h,h"”)s(h”,h") € O[C[¢]]

iii). (h,t) € O[C[¥]]

iv). there exist A", ", s such that (h,h")s(h" ) € O[C[¥]]
Cases fi)) and , by definition [32| give that C[¢], h ~~* h'.
Cases and , by definition 32| give that C[¢)], h ~* 5.
Therefore, C[¢], h ~* h' vV C[)], h ~* .
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2.8 Refinement Laws

Having defined the semantics of refinement in the previous section, we now state the refinement laws that comprise
our refinement calculus for reasoning about concurrency. We distinguish the refinement laws into two broad groups:
general refinement laws about our core specification language from definition [b] and refinement laws specific to
atomic specification statements.

First we define three atomic specifications statements that server as limits of our refinement calculus and behave
as the unit of composition operators.

Definition 37 (Primitive specifications).

abort £ (false, true),
miracle = (true,false),

skip £ (true, true),

The abort statement can always faults, since its precondition is never satisfied. It is the most permissive of
specifications and serves as the top element in the partial order of refinement. Semantically, it is the set of all
possible traces. On the other hand, miracle never faults, as its precondition is always satisfied, but also never
takes any steps as its postcondition is never satisfied. Semantically, miracle does nothing; modulo the closure of
definition it is the empty trace e. It is a valid implementation of any specification and serves as the bottom
element in the partial order of refinement. Finally, skip does not fault, but also does not modify the heap. Note
that since the semantics of assertions is intuitionistic, true denotes the empty heap. Thus, skip acts as the identity
of sequential and parallel composition, as well as angelic and demonic choice.

Definition 38 (General Refinement Laws).

REFL TRANS/ / ANTISYMM SKIP Assoc
oy ¢E¢¢Ef =Y (bl:qu:fw skip; ¢ = ¢ = ¢;skip o3 (Y1;92) = (d3901)1 92
MINMAX EELIM ]21;31}7?66(@ ACHOIEEEQ ACHO.ICEID B
miracle C ¢ C abort ¢le/x] C 3x. ¢ —_ pUdp=¢ ¢Umiracle = ¢
dr.¢ C ¢
ACHOICEASSOC ACHOICECOMM ACHOICEELIM ACHOICEDSTR
G U (P Upa) = (@ Uapy) Uaho pUYP =y U pE Uy (1 U d2); ¢ = (P1;9) U (d25 )
ACHOICEDSTL DCHOICEEQ DCHOICEID DCHOICEASSOC
Y5 (P11 U d2) = (5 01) U (Y5 ¢2) P =¢ ¢ Mabort = ¢ A (1 Mapa) = (@MY1) Mahy
DCuHoicECoMM ];CEHZ}ISEELI;A C s DCHOICEINTRO DCuoiceDsTR
pNyY=¢ne ST on pNyY Co (01T ¢2); 9 = (d13¢) M (P25 7))
E o1 Mapo
DCHoICEDSTL ACHOICEDSTD DCHOICEDSTA
;5 (01 M) = (¥501) M (Y5 ¢2) U (1 Mapa) = (U Y1) M (P UY2) G (Y1 Uaha) = (@MY1) U (PN h2)
ABSORB DEMONISE PARSKIP PARASSOC
pU(pNY) = =N (pUY) pNyY Coly ¢ | skip=¢ O\ (1 [l 92) = ([ 1) [ 2
PArRCoMM EXCHANGE ACHOICEEXCHANGE SEQPAR
pllv=yvlo  (@Iv);@ 1¢)E(xd) | (:¢)  @IYu@ YY) (eud) | (wUY) Gy To|
PArRDSTLR PARDSTLL PARDsTRL
&3 (1 || P2) E (¢591) || 42 o; (1 || 2) E 9 || (¢5902) (@[ 1);92 ¢ || (P1592)
EACHOICEEQ ESEQEXT
PARDsSTRR ESEQDsT
6| ¥)ia C ($i0ha) [0 0= [] olv/a] = ¢ free(d) . 63 C . ¢ I )
vEVAL dx. (;5, ib = (;5, Jdz. ’L/)
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EACHOICEDST EDCuoICEDST EPARDST CM;I\E)w

Jr.oUyp = (. 9)UEey)  FwgNy=0EGr.d)NEz¢)  3z.¢ |y EEz.9) | (Br-9) CIOIC ol

FAppLYELIM FArpLYELIMREC FELIM F%E[gf%ﬁ Co [62 / x]

dle/x] = (Ax.d)e o [(A. Ax. ¢) /A] le/x] = (LA Ax. d) e Fy=X\x. Fx 2. 9)er T (. 0) 2

FRENAMEREC FUNCINTRO

O 1(1A. Az ) /Al [e1/3] € (1. M. 9) /A] [ea2] og frectp) e
(WA Nx. d) e1 T (uA. Az §) €2 (\z.9) ()= ¢ o[F/fl=let f=Fin ¢
INnD UNROLLR
Az ¢ [p/A] E A ¢ A ¢ free(d)U free()
PA L. d T A1) (WA Xz U s Ae') e = 9 [e/z] U ple/x]; (nA. Ax.vp U ¢; Ae’) € [e/x]
UNROLLL
A ¢ free(d) U free(y)

(A Xz U Aesp)e = [e/z] U (uA. Az U Ae's @) € [e/x]; ¢ [e/ ]

RECSEQ
A ¢ free(¢) U free(ir) U free(ys)

(BA Az 1hy U ¢y Ae') e31pa [e/a] = (A Az hrs 2 U s Ae') e

Many of the refinement laws in definition [38] are familiar from the literature. From left to right, top to bottom,
the laws [REFL| [[RANS| and [ANTISYMM]| reflect the fact that refinement is a partial order. [SKIP| and [ASSOC] state
that skip is the unit of sequential composition and that sequential composition is associative respectively. The
law defines miracle and abort as the top and bottom specifications in the partial order of refinement
as discussed earlier.

The next two laws concern existential quantification. allows elimination of the quantifier during refine-
ment, by replacing the quantified variable with an expression. Typically, we name refinement laws according with
respect to refinement; that is, as if reading the law right to left. Conversely, the refinement law allows the
introduction of an existentially quantified variable.

The next block of refinement laws are about angelic and demonic choice, most of which correspond to the
laws of boolean algebra, with the join operator being angelic choice, the meet operator being demonic choice, the
bottom element being miracle and the top element being abort. In fact, the partial order of refinement forms a
complete, boolean and atomic lattice. The refinement law captures the intuition behind the angelic
non-deterministic choice: we can choose to refine the choice to one of the two components. On the other hand,
the analogous law for demonic choice, states that the refinement of a demonic choice must be a
refinement of both components. This law is analogous to the conjunction rule of Hoare logic.

Next, is a set of laws regarding parallel composition. The most important refinement law of this block is
originating from Hoare’s algebraic laws [?]. The law, as well as the subsequent distributivity
laws can be derived from [EXCHANGE] [PARCOMM| and [PARSKIP|

In the next set of laws we return to existential quantification. The [ ESEQEXT refinement law allows us to increase
or decrease the scope of the existentially quantified variable. The rest of the laws for existential quantification
concert its distributivity in sequential, non-deterministic choice and parallel composition.

The refinement law is obvious, and the most pervasively used law in refinement derivations. It reflects
the fact that denotational refinement is contextual refinement, as shown in theorem [I]

The next block of refinement laws is about functions. allows the elimination of a function appli-
cation by replacing the argument variable with the argument passed to the function. allows us to eliminate
indirect function applications. The [FRENAME| and [FRENAMEREC| allow the refinement of a function application
to a different argument, for non-recursive and recursive functions respectively. The law allows the
introduction of a function application and [[INLINE|allows function definitions to be inlined at the point of application.

The refinement law is standard fixpoint induction.

Finally, the [UNROLLR] and [UNROLLLJ| laws allow us to do loop unrolling on recursive specification programs.
Both rules are useful in derivations of refinements between recursive specifications.
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We justify the soundness of our refinement laws by denotational refinement, which in turn is sound with respect
to contextual refinement. Transitively, the refinement laws are also sound with respect to contextual refinement.

Theorem 2 (Soundness of General Refinement Laws). The general refinement laws of deﬁnition are sound.
Proof. By appendix [B] O
Apart from the general refinement laws, we also define a set of refinement laws atomic specification statements.

Definition 39 (Refinement Laws for Atomic Specification Statements.).

AEARLY
@;?Ef@k C Va, 7. (P.Q), ___= ¢ JreelF) G P @), C V3. (G2 P,32.Q),
Jz. VY. (P, Q), = VY. (P,3z.Q),
ADISJUNCTION ACONJUNCTION

VZ. <P1, Q1>k UV, <P2, Q2>k C V7. <P1 V Py, Q1 V Q2>k VZ. <P1, Q1>k NV, <P2, Q2>k C VZ. <P1 A Py, Q1 A\ Q2>k

AFRAME ASTUTTER
VZ. (P, Q}k CVZ (Px*R,Q * R)k VZ. (P, P>k;Vf. (P, Q>k C V7. <P, Q)k

AMUMBLE AINTERLEAVE

VZ. <P, Q>k E V. <P, P/>k,Vf <P/3Q>k V. <P1aQ1>k || VZ. <P2aQ2>k

= (V. (P1, Q1) ;s VT (P2, Q2)) U (VZ. (P2, Q2); VT (Pr, Q1))

@gogs~< P’ VZ.Q < Q ACHOICE
— — VZAP,QVQ'Y, CVZ (P UVZ AP.O'
VZ. (P, Q) C Vi (P,Q), ZA(P,QVQ), CVT.(P,Q), UYL (P,Q),

AUSEATOMIC ARLEVEL
z.(z, f(z)) € Te(G)" k1 < ko
)

Gl (t (€ f(x)) = Q(D)), VZ(P,Q)y, T VT (P, Q)y,
) [G]a, o€ f(2))*Q(@)),

The refinement laws stated here have an implicit side condition that requires assertions on both sides of T are
stable.

Vx,f(( (é’,m) P(
C Ve 7. (846, 2) » P(

P(Z)
P(Z)

The refinement law allows us to refine an atomic specification statement in which a variable is explic-
itly universally quantified, to an atomic specification in which the variable is free, and thus implicitly universally
quantified in the context. The effect is that of turning a variable that is locally bound in the specification statement,
to a global variable. The states that late choice, in the existential quantification in the postcondition, can
be refined to early choice. together with from definition [38] allow us to treat the existential
quantifier similarly to the scope extrusion laws of m-calculus. With the law we can eliminate existential
quantification analogously to the existential elimination rule of Hoare logic. The [ADISJUNCTION| and [ACON-
refinement laws are analogous to the conjunction and disjunction rules of Hoare logic. The [AFRAME
refinement law is directly analogous to the frame rule of separation logic [?].

The [ASTUTTER| and [AMUMBLE| refinement laws are due to the trace closure of definition and originate
from Brookes’s trace semantics [?]. Stuttering reflects the fact that a specification is unable to observe steps of
a refinement that do not modify the state. On the other hand, mumbling reflects the fact that a sequence of
atomic steps can be implemented by a single atomic step. Note that by setting P’ to be P in MUMBLE we obtain
an equivalence for stuttering. The states that a parallel composition of two atomic specification
statements is observationally equivalent to their interleavings.

The refinement law is directly analogous to the consequence rule of Hoare logic, using view shifts in
lieu of implications. We can abstract a specification statement by strengthening the precondition and weakening
the postcondition.

So far the refinement laws in definition are due to either Hoare logic or separation logic. They are also
present in the refinement calculus of Turon and Wand [?] or appear to be admissible by the semantics of their
specification language. The next set of laws, however, come from our use of the simplified TaDA model. The
allows us to replace a shared region in an atomic specification statement with its interpretation. We
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require ownership of the guard by which the atomic update is allowed for that region in the state transition system.
reflects the fact that we can refine a specification statement of a higher region level to a specification
statement of lower region level.

Theorem 3 (Soundness of Atomic Specification Statement Refinement Laws). The atomic refinement laws of
definition [39 are sound.

Proof. By appendix [C] O

2.9 Hybrid Specification Statement

In the previous sections we have defined our specification language and refinement calculus for concurrency. The
basic statement of our language is the atomic specification statement, VZ. (P, Q),. We now define an encoding of
hybrid specification statements that combine atomic and non-atomic effects.

F Notation ‘

We often write specification programs that use inline functions: (Az.¢)e or (uA. A\z.@)e. Several times,
the function body, ¢, may be relatively large. To increase readability in these cases, we use line breaks
and whitespace instead of parenthesis to distinguish between the inline function and its application. For
example, for a relatively large function body Grarge; Vhuge, We will write:

,LLA )\ZL’ ¢large;
whuge

to mean (UA. AZ. Plarge; Yhuge) €-

Definition 40 (Hybrid Specification Statement). We define the hybrid specification statement in terms of atomic
specification statements as follows:

VZ. 37 {P'}P(Z), Q(Z, MI{Q (T, )}, £
Ip.VZ € X. (P« P(Z), P' Ap* P(2)),;

P

The first atomic specification statement solely serves to capture the states satisfied by the private precondition
P’ into the variable p, so that it can be passed as an argument to the subsequent recursive function. This is a silent
atomic step. Indeed, since it does not change the state before the step that immediately follows, by
the first atomic specification statement is not observable. Furthermore, by followed by the first
primitive atomic statement is refined into skip, and thus, by does not have to implemented at all.

The pattern of definition where we use a silent atomic read to capture the states satisfied by an assertion
into a variable, which is then passed as an argument to a function, appears every time we prove various refinements
for hybrid specification statements. The following lemma demonstrates that this step is indeed silent and is useful
for several of the refinement proofs about atomic specification statements.
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Lemma 6 (Assertions as Function Arguments). When Fe, with p free, does not occur within ¢, then:
Ip.VZ. (P, P Ap),; Ap.VZ. (p,Q); ) p E VT (P,Q),; ¢ [P/p]

Ip.VZ. (P, P A p); (Ap.VZ. (p, Q1)) ¢ UV (p, Q2):¥) p
CVZ (P, Q1),; ¢ [P/p] UVE. (P, Q2) ;¢ [P/p]

Ip.VZ. (P, P A p)y; (WA D VE. (p, Q) 0) p T VZ. (P, Q) ¢ [P/p] (LA Ap. VE. (p, Q),; 6)/A]
3p. VL. AP, P Ap)p; (WA Ap. V. (p, Q1); ¢ UVE. (p, Q2),3) p

T VZ(P,Qu1);; ¢ [P/p] (LA Ap.VZ. (p,Q1),; ¢ UVT. (p, Q2),,; ¥) /A
U V. (P, Q2),; ¢ [P/p] (LA Ap.VZ. (p, Q1) ; ¢ UVZ. (p, Qa) 5 ) /A

Proof. The first refinement is proven by application of [FAPPLYELIM] [CMONO|] [ASTUTTER] and finally

The second refinement is proven similarly, with before The next two refinements are
proven in the same way as the first two, except [FAPPLYEBLIMREC] is used instead of [FAPPLY ELIM O

The general form of the atomic specification statement is a generalisation not only of an atomic update, but
also of non-atomic updates, from which we derive a few important specification statements.

Definition 41 (Derived Specification Statements). The following specification statements are defined as special
cases of the atomic specification statement.

o {P,Q}, =Vy € 1.3z €1.{P}true, true){Q},
o [P], = {true, P},
b {P}ké{P7P}k

The most important of the derived statements, is the Hoare specification statement of the form {P, Q}, which
specifies an update from a state satisfying the precondition P, to a state satisfying the postcondition @, without
any atomicity guarantees. Intuitively, it stands for any program that satisfies the Hoare triple {P} — {Q}. The
other two derived statements are the assumption statement of the form, [P], and the assertion statement, {P}.

According to definitions and the Hoare specification statement, {P, @}, is a sequence of atomic steps,
where the first begins in state P and the last ends in state ). However, the recursive function part of definition [40]
is more complex that what is intuitively necessary for Hoare specification statements. Fortunately, by the following
lemma, we show that definition when applied to Hoare specification statements, is observable as much simpler
pattern.

Lemma 7 (Hoare Specification Statement Refinement).

{P7 Q}k = Jdp. <P7P/\p>k;
pAXp. 3’ (p,p')y; Ap'
P

Proof. We demonstrate a refinement between {P, Q},, as given by definition and the simpler form, in both
directions. First, we show that:
{P, Q};, € 3p- (P, P Ap)y;
pANp. 3p' (p,p') s Ap'
P
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{P, Q}, = by definitions 1] and [0]
3p. (P,P Ap);
pAXp. 3p'. (p, p'); Ap'
U 3p” (p, 0"
‘LLB.)\p//. ap/ll <p p///> .Bp/ll
U (", Q)
.pll
‘D

C by [IND| and [CMONO| where the following establishes the premiss

begin with substitute A and a-convert
3" VLA, p) s wA. /\p 3" (p, ")y Ap”
/ U (p, Q)
U 3p' . VZ. (p,p'); g
pAAp. 3p". (p, p")) Ap”
U <p, Q>k

.p/
= by [ACHOICEEQ)]
3’ . VZ. (p,p >k,uA Ap I’ (p,p"),; Ap”
U (p, Q)
op/

C by [ACHOICEELIM| and [CMONO|
V. (p, Q)
U 3p". VT (p,p'); pA. >\p " (p,p") s Ap”
U (p, Q)

.p,
= by |ACHOICECOMM]| and [UNROLLR)
pAAp. 3p'(p,p'),; Ap'
U <p7 Q>k:

‘D

E 3]7 <PP/\p>k,

PA. /\p 3’ (p,0) s AP’
U (p,Q),

‘P
Now we show that:
3p. (P, P Ap);
pA. /\p W', A -
P,
U (p.Q), AP Qe

‘D

Ip. (P, P Ap);
pA. /\p 3’ p.p') . Ap'
U (p, Q)
P
C[AMUMBLE, [EELIM], [IND| and [CMONOQ]
Ip. (P, P Ap);
pAXp. 3p' . (p, '), Ap’
U 3p" {p, p") s
'LLB.ApN. ap/// <p pl//> ,Bp///
U (", Q)

P!
P
= by definitions 1] and

{Pv Q}k
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O

We define refinement laws for hybrid atomic specification statements, most of which are directly lifted from the

laws for atomic specification statements.

Definition 42 (Hybrid Atomic Refinement Laws).
HUELIM
VZ. 3§ {P'}(P(x,7), Q(z, Z,N){Q (=, 7,9}, E Ve, 3§ {P'}(P(z,7),Q(x, T, N){Q (=, 7,7 },

y & free(P’) U free(P)

HEARLY
z ¢ free(P') U free(P)
(2),32.Q(@,y, M{Q' (T, 4.9},

IA{Q (&}, =Va Iy, 4. {P' }(P

Jy. 3w.vZ. 3. {P'}(P(3), Q@
HEELIM
Ve, Z. 3y. {P'}(P(x,f),Q(x,f, g’)){P’(x z gj’)} C VZ. 3. {P'}(EIx.P(x,:E),EIx.Q(x,f,g]’)){ﬂm.P'( f,gj’)}k

HDisJuNcTION
v 37 { P'HP(@), Q@ 7){Q' (7,7}, U
C vZ. 35 {P’ v P"H(P(&) v P'(Z), Q(Z,7)

HCONJUNCTION
vz, 3. {P'}(P(7), Q@ ) {Q'(Z,9)} :
C V7. 37. {P AP”}<P (&) A P'(Z),Q(&

=

HFRAME
V. 3y. {P’}(P(:E’), Q& 7)) {Q’(f, ?j)}k C V7. dy. {P’ * R’}(P(f) *

HSTUTTER
VZ. {P’}(P(g‘c‘),P(a‘c’)){P’/}k;VE. 3y. {P”}(P 7),Q(% ")){Q’(:E, g)}k C VZ. 37. {P’}(P T
Zi{Q(Z, 9},

D) {P"};VZE 3. {P" }(P'(Z),Q(

HMUMBLE
Vf.ﬂgj.{P'}(P {Q (Z, gj} EVf.ng.{P'}(P T), P
HINTERLEAVE
VZ. 35 {1} (P(D), Q(F, D) {1}, | VZ. 37 {ITHP(@), Q(Z, §) ) {1},
Q@ i) ){1},) U (V2. 37 {I}(P(Z), Q(Z,7) >{I}k7\fx 37 AT} P(Z), Q(Z, D) {1},)

C (V. 37 {TH(P(2), Q@ N) {1}, V7. I AT P(@)",

HSTRENGTHEN
VZ. 3y {P'}<P’ * P(Z),Q(%,9) » Q' (X g)) {Q'(:E’, g)}k C V7. 3y. {P’ * P’}(P T

ATowMmic
VZ. <P’ x P(%),3y. Q’(i‘, ) * Q(Z, 37)>k C VZ. 3. {P’}(P(a?)

HCons
P'x P’ VEZP(& ) '
v 3y {P"}(P'(&),Q"(Z, 7 >{Q (fgj} C vZ.

HUSsEATOMIC
V. (z, f(x)) € Te(G)"

v, & 35 { P} (1(6h(E,2) * Px, @) « [6(&)],, I(64(E £ (2))) * Qa, & 3) ) {Q @ D)},
=V, 7.37. {P' <t§(5,x)*P(f)* [G(E")],, 5@ f(x) * Q. §) >{Q )}
HRLEVEL

k1 < ks

QEM{Q (@ N}, EVZ.IF AP HP@), Q@ N{Q (@ N},,

V. 3. { P} (P(Z)
The refinement laws stated here have an implicit side condition that requires assertions on both sides of T are

stable.
Since the hybrid specification statement is just a program in out core specification language, the refinement

laws on hybrid statements are simply proven as refinements between specification programs, by using the general
laws of our refinement calculus (definition and the laws for atomic specification statements (definition .
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Theorem 4 (Soundness of Abstract Atomicity Refinement Laws). The refinement laws for abstract atomicity in
definition [{3 are sound.

Proof. By appendix O

We complete the development of refinement laws in this section, with laws for Hoare specification statements.
At this point, none of these laws should be surprising.

Definition 43 (Hoare Specification Statement Refinement Laws).

SEQ DisjuNcTION CONJUNCTION
OC{P.RY, YE{R QY  SC{P Q) ¢C({PQ), SC{PLQ) VE (P Q)
o3 AP, Q},, PUY T {PV Py, Q1 V Q2}, ¢TI E{PLA Py, Q1 AQa},
PARALLEL
¢ C{P1, Q1}, b C{Py, Qa}, FRAME EELIM
P PxR, QxR P Jy. P, Jy.
Ol E{P* P, Q1 xQ2}y {P. Q) E {P*R QxR}y {P, Q}, E {Fy. P, Jy.Q},,
EARLY HYBRID CONS
x ¢ free(P) VT, 37 {P'}(P(#), Q@ 7){Q(Z.0)}, P<P  Q<Q
Jz AP, Q) = {P, Fr.Q}y C 3 {P' = P(&), 3. Q'(%,9) * Q(F i)}, {F', Q. C{P, Q},
RLEVEL
k1 < ks

{P’ Q}kl E {P7 Q}k2

The [SEQ] [DIsJUNCTION| and [CONJUNCTION| refinement laws directly correspond to the sequence, disjunction
and conjunction rules of Hoare logic. [PARALLEL| directly corresponds to the parallel rule of separation logic [?].
The law corresponds to the frame rule of separation logic [?], and is a direct consequence of
[EELIM]allows existential quantification elimination as the analogous rule in Hoare logic. The HYBRD refinement law
allows a non-atomic update defined by the Hoare specification statement, to be implemented atomically by a hybrid
specification statement. It is a direct consequence of [ISTRENGTHEN| when the entire atomic component is moved to
the non-atomic component. The[CONS|law, is the consequence rule of Hoare logic for Hoare specification statements,

albeit using view-shifts. Finally, allows the same as for Hoare specification statements.

Theorem 5 (Soundness of Hoare Specification Statement Refinement Laws). The refinement laws for Hoare
specification statements, in definition[{3, are sound.

Proof. By appendix [E] O
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A Adequacy Addendum

In section we have defined the semantics of our specification language and refinement both in terms of opera-
tional and denotational semantics. With theorem [I} we have established the soundness of denotational refinement
with respect to contextual refinement based on the operational semantics. The proof of this theorem relies on
lemma [bl which equates the traces obtained by the denotational semantics to the traces obtained by the opera-
tional semantics under the stuttering, mumbling and faulting closure.

To prove lemma |5 we establish inequality between operational and denotational traces in both directions. In
appendix we prove that operational traces are contained within denotational traces and in appendix we
prove the reverse. As a stepping stone, in both directions, we will work with raw traces, that are not closed by
the stuttering, mumbling and faulting closure. This simplifies the proof process by avoiding the need for mumbling
and stuttering, not only for lemma [5] but also for the refinement laws.

Before we proceed with the proof, we define the raw denotational semantics, and establish several crucial lemmas.

Definition 44 (Raw Denotational Semantics). The raw denotational semantics, R[—]~ : VARSTORE, — L —
P(TRACE), map specification programs to sets of traces, within a variable environment.

Rl¢: 9] £ R[¢]”; R[¥]
RI6 || 917 2 R[] | RI¥1”
Rl uy]” £ R[6])” UR[Y]”
RI6 14 £ R[¢]” NR¥]
R[3z.¢]" & ] R[]

vEVAL
R[[let f=Fin d)]]p S R[w]]/ﬂ[f»—ﬂ?ﬂF]]p]
R[Fe])” = RIF]” [e]”

Rf1” = p(f)
RIA) £ p(4)

RlpA- e 6] £ ({T; € Var = P(Trace) | R[xe. g1 € 17}
R[Az. ¢]” 2 M. R[¢]1*"
RIVE.(P,Q) )" 2 {(h,1) e Move

7€ VAL AN € a((PYF=T,(Q)#=7), (h)}

U< (hy3) € HEAPS 7 € VAL Aa((P)F= 7, (Q D’J[W”])k(h)@}

{9}

The argument for the existence of the least fixpoint is the same as for the denotation semantics of definition

A QYT £ 0

Lemma 8. (5,¢) € R[¢]”

Proof. Straightforward induction on ¢. (3,3) € R[VZ. (P, Q),]” by definition All inductive cases follow imme-
diately from the inductive hypothesis. O

Lemma 9 (Function and Recursion Substitution). If ¢ is closed, then Rﬂd)]]p[yHRWHp] = R[o[v/y]]*, where y is
a recursion variable A, or a function variable f.

Proof. Straightforward induction on ¢. Base case R[A] trivial. Base case R[f] trivial. Base Case R[VZ. (P, Q),]
trivial, as recursion and function variables or not free in P or ). Inductive cases follow immediately from the
induction hypothesis. ]

Lemma 10 (Variable Substitution). If e is an expression, where x is not free, then ’R[[(;S]}p[wH[[eﬂp] =R[o[[e]” /=]]".

Proof. Straightforward induction on ¢. O
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The semantics of recursion are given as the Tarskian least fixpoint. However, in some proof steps, the Kleenian
least fixpoint is more useful. In order to switch to the Kleenian fixpoint we require continuity.

Lemma 11 (Raw Denotation Continuity). R[¢]” A==V s Scott-continuous.

Proof. R[¢]”*77): (VAL — P(TRACE)) — P(TRACE).

Let D C VAL — P(TRACE). D is a directed subset of VAL — P(TRACE), due to the fact that VAL — P(TRACE)
is a lattice by pointwise extension of the powerset lattice.

For Scott-continuity we show that: U(R[4]"“*~)[D] = R[4]"*~"?! by induction on 6.

Base case: Ae.

U(R[AI” " HDl = ] R[Ae]™ T
TfED
= by definition
U Tfe
TfGD

= by pointwise extension of the powerset lattice

|_|Tf €

T;eD
=(UD)e
= by definition [4]
,R[[Ae]]p[A»—mD]

Base cases fe,Vi. (P, Q), not applicable as the recursion variable A does not appear in these cases.
Cases ¢;1, ¢ || ¥, pU and ¢ M4 from induction hypothesis and by the fact that ;, ||, U and N preserve continuity
respectively.
All other cases follow straightforwardly from the inductive hypothesis.
O

The next three lemmas establish properties of the stuttering, mumbling and faulting closure that we rely on in
several proof steps.

Lemma 12 (Closure operator). —' is a closure operator:

TCTY (=1 is extensive)
TCU=T cU" (=1 is increasing)
(T“L)Jr =TT (=T is idempotent)

Proof. Idempotent: TT C (TT)Jr follows directly from rule .

We show that (T1)" € Tt by induction on the derivation of ¢ € T'.
Base cases:

Rule (24). (s,3) € 7t and (5,8) € TT.
Rule (Z3). Let t € T1'. By premiss, t € T'.
Inductive

Rule Let s(h,h)t € 7t By premiss, st € 7t By the inductive hypothesis, st € TT, thus

s(h,h)t € TT.

Rule Let s(h, o)t € Tt By premiss, s(h, h')(h',0)t € Tt By the inductive hypothesis, s(h, h')(h', 0)t €
Tt thus also s(h, o)t € T,

Rule (25)). Let t(h,h)u € 7t By premiss, t(h,5) € Tt By the inductive hypothesis, t(h,{) € T7, thus also
t(h,h')u € TT.

Increasing: By induction on the derivation of ¢ € T'.

Base case:

22



Rule 24). (¢,3) € TT = (5,¢) € UT holds trivially.
Rule (23). Let t € TT. By premiss, ¢t € T. By assumption, ¢t € U. Then, by rule , te Ut

Inductive cases:
Rule Let s(h,h)t € TT. By premiss, st € TT. By the induction hypothesis, st € U', from which it

follows that s(h, h)t € UT

Rule Let s(h,0)t € TT. By premiss, s(h, h')(h’,0)t € TT. By the induction hypothesis, s(h, h’)(h’, 0)t €
Ut, from which it follows that s(h,o)t € UT.

Rule (28). Let t(h,h')u € TT. By premiss, t(h,$) € TT. By the induction hypothesis, ¢(h,) € UT, from which it
follows that t(h, h')u € Ut.

Extensive: Vi.t € T, by rule , teTt. O

Lemma 13 (Trace Closure Distributivity).

1. Th Ut (T 0)!
2. T Ut c(T || U)!
3. U@h < UT)'
4 N@H 2 (NT)f

Proof. (1): First we show that TT; U C (T} U)T by induction on the derivation of t € T't. Fix u € U.

Base cases:

Rule 4). (5,3) € TT;UT = (3,3) € (T;U)" holds trivially.

Rule Let t € TT. By premiss, t € T. By trace concatenation, tu € T;U. Then, by rule tu € (T} U)T.
Inductive cases:

Rule Let s(h,h)t € TT. By premiss, st € TT. By trace concatenation, stu € TT;U. Then, by the
induction hypothesis, stu € (T} U)T, from which it follows that s(h, h)tu € (T} U)T.

Rule Let s(h,0)t € TT . By premiss, s(h, h')(h',0)t € TT. By trace concatenation, s(h, h’)(h’,0)tu €
T1:U. Then, by the induction hypothesis, s(h, h')(k’,0)tu € (T;U)", from which it follows that s(h, o)t € (T;U)".
Rule ([25). Let t(h,h')u € TT. By premiss, t(h,$) € TT. By trace concatenation, ¢(h,{)u = t(h,$) € TT;U. Then,
by the induction hypothesis, t(h,$)u € (T;U)", from which it follows that t(h, K )u € (T;U)'.

Furthermore, T;UT C (T} U)Jr by induction on the derivation of u € UT similarly.

Then, it follows that: TT; UT C (T; UT)T C (T U)T)T. Then, by idempotence TT; UT C (T; U)T.

(2): Similarly to (1).

(3): Fix index I, n € I. By induction on the derivation of t € T},

Base case:

Rule @4). (3,3) e UL <= (5,¢) € (UT)" holds trivially.

Inductive case:

Rule (23). Let ¢ € T,,f, then ¢ € [J(T;"). Then, by the induction hypothesis, t € (JT;)".

Rule Let s(h, h)t € |J(T;"). By premiss, st € [J(T;'). Then, by the induction hypothesis, st € (| )Y,
from which it follows that s(h, h)t € (U Ti)T.

Rule Let s(h, o)t € |J(T;"). By premiss, s(h, h')(h',0)t € |J(T;"). Then, by the induction hypothesis,
s(h, b)) (K, 0)t € J(T;)", from which it follows that s(h, o)t € | (T})".

Rule (25). Let t(h, h)u € U(T;1). By premiss, t(h,3) € |J(T;1). Then, by the induction hypothesis, t(h,}) € | (Ti)T,

from which it follows ¢(h, h')u € |J(T3)'.
(4): Similarly to (3). O

Lemma 14. (ﬂ (Tif))T =N (T"T)

Proof. By lemma (extensive): ( ) C (ﬂ (Tﬁ))T.

Bylemma ﬂ(T”) ( (TT))

By lemma |12 (idempotence): (TZT) ( (TZ-T))T. O
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The following lemma reflects the fact that the denotational semantics are idempotent with respect to trace
closure.

Lemma 15. ([[qﬂ]p)T = [¢]”

Proof. Straightforward induction on ¢ using lemma
Base case: VZ. (P,Q),

;
T (h,1') € MOVE | 7 € VAL AW € € a((P)rlE=7, (Q)rlE—=7l k(h)} '
(Ivz. (P,Q), 1) = {(h ) € Heard Ueq\?immpw =7,(Q DP[M)uh):@}
Q T 7&

= by lemma [12| (idempotence)

{(h, h') € MOVE

7e m/\ = a((] Dp[w»—)v] (]QDp[i’»—)ﬁ])k (h)} T
7€ VAL A a (PP (Q)r=) (h) = w}

U {(h, ¢) € Heap! Q) 5 g

= [VZ. (P, Q)]"

Base case: A

1AP) = (p(a)")'
= by lemma [12| (idempotence)
p(A) = [4]

Base case: f, same as A

Case: ¢;

(1601 = (1 : 1))’
= by lemma
[#; 41"

Case: ¢ || ¢ as previous.
Case: ¢ LU

@suvl) = (11 v D))’
= by lemma

[oUv]”
Case: ¢ M
Ienvl”) = () n 1))’
— by lemma
ICARKT ¢
Case: 3. ¢

24



i T
([¢1")" = ((U [[qzvﬂ”[m]) )

= by lemma
[3. 6]

Case: pA.\x. ¢

Case: let f =

Case: Az. ¢

Case: Fe

. T
([nA. A ¢])") = (ﬂ {Tf € VAL — P(TRACE) (px_ ¢]]P[A’—>Tf])T c Tﬂ})
= by lemma [14]
N {Tf € VAL — P(TRACE)

= [uA. \z. 9"

([[/\x. (bﬂp[A'—’Tf])T C TfT}
Fin ¢

P T
(Ilet £ = F in ¢]")" = ([¢]/~ 1)
= by induction hypothesis
[[¢]]P[f’—>[[F]]p]

= [let f = F in ¢]”

(Do) = (. [’
= by induction hypothesis
v, ]l
= [ ]’

([Fe]”)' = (IF1” [e])

= by induction hypothesis

[F1° [e]*
— [Fe]’

O

The raw denotational semantics produce the denotational semantics by adding the trace closure, as indicated
by the following lemma.

Lemma 16. [¢]” = (R[¢]")".

Proof. First, we establish (7'\’,[[<i>]]p)Jr C [¢]”.

Trivially, R[¢]° C [¢]°-

By lemma [12| (increasing), (R[[(b]]p)Jf c ([[¢]]p)T~

By lemma (R[[(bﬂp)T C [¢]”.

Second, we establish (R[¢]” )Jr D [¢]”, by induction on ¢.
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Base case: (R[V7. <P,Q>k]]p)Jf D [VZ.(P,Q),]” by the definitions.
Base case: A. R[A]*" 2 p(4)" 2 [A]”.

Base case: f, as previous.

Case: ¢; 1.

(RIo:¢])")" = (R[9]": R[]

D by lemma
(RI61")'s (R[¥1")

2O by inductive hypothesis
[81°; [v]°

D by lemma [12] (increasing on both sides, idempotence on left of D)
(Ie1°; [v17)'

= by definition
[ ¥]°

Case: ¢ || ¢, similar to previous.

Case: o U

(Rlouv])" = (R[4]° U R[Y])
= by lemma
(RIa URIP)')
O by lemma

(REel)' v (REP))'
O by inductive hypothesis
([¢]° U [v1°)"
= by definition
[o U]
Case: ¢ M

[¢ne]” = (I¢)° N [17)'
C by lemma
(11" n (1)
= by lemma
[¢]° N []°
C by inductive hypothesis

(RI#1")" N (R[¥1")'
C by lemma
(R[¢]” NR[¥]*)!
= by definition [44]
Rl nv]”

Case: Jz. ¢, similar to ¢ LI .
Case: pA.x. ¢
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;
(R[pA. Ax. 4]")" = (ﬂ {Tf € VAL — P(TRACE) ] R[Az. )17 Tf})
= by lemma [I1] and Kleene’s fixpoint theorem

(U{7r € var = P(TracE) | n e NAT, = (R qs]]P[f“"”)n})T
DO by lemma

i
U {Tf € VAL — P(TRACE) ’ neNAT; = (R[\z. (bﬂp[AH@])n}

neNAT; = ((R[[Ax. ¢]]P[AHW)T>TL}

= by lemma [11| and Kleene’s fixpoint theorem

= U {Tf € VAL — P(TRACE)

N {Tf € VAL — P(TRACE) ‘ ([[)\x. (b]]P[AHTf])T c TfT}

= by definition
[uA. Az ¢]°

All other cases follow directly from the inductive hypothesis. O

Lemma 17 (Trace-Set Interleaving is Associative and Commutative).
ThSIv)y=@isiv T|\U=U|T

Proof. Immediate by definition [33] O

A.1 Operational traces are denotational traces

In definition [32| we defined the observed traces on the reflexive, transitive closure of ~». As a stepping stone, we
also define single step traces which we relate to the raw denotational semantics.

Definition 45 (Single-Step Observed Traces). The single-step observed traces relation, O1—] C L x P(TRACE),
is the smallest relation that satisfies the following rules:

(26) (27) (28)
¢, h ~~ o0 O, h~ P, B t € O1[¥]
(Zai) € Ol[[d’]] (hﬂ 0) € Ol[[(vbﬂ (ha h/)t € Ol[[¢]]

Traces in Oq]@] are not closed by the stuttering, mumbling and faulting closure.

We now relate the operational semantics to the raw denotational semantics: every single step in the operational
semantics must be present as a move in the raw denotational semantics. Consequently, the traces observed by
O1]¢] are contained within R[[QS]]@, when ¢ is closed.

Lemma 18.
o If ¢, h~ 1, andt e R[] then (h, h')t € R[g]"
o If ¢,h ~ o then (h,0) € R[[¢ﬂ®

Proof. By induction on the derivation of ¢, h ~~ K
Base case: rule ([14]).

Let Vi (P, Q). h ~ I, By the premiss, (h,1) € {a(P([7 =), Q7 > 1), ] 7€ VaL). By definition
(h, 1) € RIVZE. (P,Q),]°.

Base case: rule .
Let VZ. (P, Q),,h ~ {. By the premiss,

For all ¥ € \TA_)L, a(P([Z — v]),Q([Z — v])), (h) =0. By deﬁnition (h,$) € R[VZ. (P, Q>k]]®
Case: rule .
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Let s = t;u, such that, s € R[¢'; @ZJ]]@, t e R[[gﬁ']]@ and u € 7'\’,[[1/1]]0. By the premiss and the inductive hypothesis,
(h, ')t € R[¢]". Then, by definition 1] (b, h')s = (h, h')tu € R[p;]".

Case: rule .

Let s € R[[z/;]]q By the premiss and the inductive hypothesis, (h,h’) € R[[gb]]w. Then, by definition (h,h')s €
RIg;¢]".

Case: rule (3)).

By the premiss and the inductive hypothesis, (h,3) € R[[gb]]@. By lemma (§,3) € R[[w]}w. By trace concatenation
(h,$) = (h,$);(§,¢). Then, by deﬁnition (h,3) € R[d);w]]@.

Case: rule .

By case analysis on k. First, let Kk = ¢',h/. Let t € R[[gb’]]@. By the premiss and the inductive hypothesis,
(h,W)t e R[9 | w]]w. Then, by deﬁnitionand lemma (h, W)t € R[Y | qzﬁ]]@. Second, let kK = 0. By the premiss
and the inductive hypothesis, (h,0) € R[¢ | w]]@. Then, by definition 44| and lemma (h,0) e R[Y || qb]]Q).

Case: rule ().

Let s € t || u, such that s € R[¢’ || e, te R[[q’)’]]w and u € R[[wﬂw. By the premiss and the inductive hypothesis,
(h, W)t € R[¢]°. Then, by definition [33] (h, 1')s € (h,h)t || u. By definitions [44| and [33] (h, B')t || u C R[¢ || ¥]°,
from which it follows that (h, #')s € R[¢ || ¥]".

Case: rule @
Let s € R[[w]]@. By the premiss and the inductive hypothesis, (h,h’) € R[[qb]]@. Then, by definition (h,h')s €
Rl [l 1"

Case: rule (7).
By the premiss and the inductive hypothesis, (h,$) € R[[qﬁ]]@. By lemma (3,3)72[[1/1]]@. By definition (h,3) €

(h$) || (¢,1) By definition 44 and definition[33] (1,1 || (,5) € R[¢ || ¢]°, from which it follows (h.3) € R[# || ]".
Case: rule .

Case analysis on k. First, let k = ¢/, h/. Let t € R[¢’ ]]w. By the premiss, by the inductive hypothesis, for some i €
{0,1}, (h, h')t € R[¢:])°. Thus, (h, k')t € R[$:]° UR [@(541) moaz]’- Then, by deﬁnition (h, W)t € R[¢o U pn]°.
Second, let kK = 0. By the premiss, by the inductive hypothesis, for some i € {0,1}, (h,0) € R[[gi)l-]]@. Thus,
(h,0) € R[6:]° UR[@(141)moaz]". Then, by definition [14] (h, 0) € R0 Ui ¢1]".

Case: rule (|9)).

Case analysis on k. First, let k = ¢',h/. Let t € R[[gi)’]]w. By the premiss, by the inductive hypothesis, for
all i € {0,1}, (h,h)t € R[$:]°. Thus, (h, ')t € R[$:]° N R[S(1+1)moaz] - Then, by definition [44] (h, n)t €
Rlpo M d)lﬂm. Second, let k = o. By the premiss, by the inductive hypothesis, for all i € {0,1}, (h,0) € R[[gbi]]m.
Thus, (,0) € R[$:]° VR [¢(s41)moaz]". Then, by definition [14] (5, 0) € Rlpo 1 1]°.

Case: rule .

Case analysis on . First, let kK = ¢/,h/. Let t € R[¢’ ﬂw. Fix v. By the premiss and the inductive hypothesis,
(h, W)t € R[¢p [v/m]]]w Then, by definition (h, W)t € R[3z. gzﬁ]]@. Second, let K = o. By the premiss and the
inductive hypothesis, (h,0) € R[¢ [v/a:ﬂ]m Then, by deﬁnition (h,0) € R[3z. gb]]@.

Case: rule .

Case analysis on k. First, let k = ¢/,h/. Let t € R[[¢/]]®. By the premiss and the inductive hypothesis, (h, ')t €
R[6[F/f]]°. Then, by 1emma@ (h, W)t € R[SV Then, by deﬁnition (h,W)t € R[let f = F in ¢]°.
Second, let K = o. By the premiss and the inductive hypothesis, (h,0) € R[¢ [F/f]]](z) Then, by lemma
(h,0) € R[S]°V Y] Then, by definition 44} (1, 0) € R[let f = F in ¢]".

Case: rule .

Case analysis on k. First, let & = ¢',h/. Let t € R[[(b’]}@. By the premiss and the inductive hypothesis,
(h, W)t € R[(Ax. ¢ [uA. dz. ¢/A]) e]}w. Then, from the fact that u is denotationally the least fixpoint, (h,h')t €
R[(nA. \x. ¢) e]]w. Second, let k = 0. By the premiss and the inductive hypothesis, (h,0) € R[(Az. ¢ [pA. Az. $/A]) e]]m.
Then, from the fact that u is denotationally the least fixpoint, (h,0) € R[(pA. A\x. @) e]]m.

Case: rule .

Case analysis on k. First, let kK = ¢',h’. Let t € R[[(;S’]]@. By the premiss and the inductive hypothesis, (h,h')t €
0
R|[¢ [[[e]]@/xn] . Then, by lemma [10] (h, ")t € R[¢]"™ 1V, Then, by definition 44 (h, ')t € R[Az.d]".
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0
Second, let k = 0. By the premiss and the inductive hypothesis, (h,0) € R|[¢ [[[e}]m /a:”] . Then, by lemma
(h,0) € R[¢]""~ V. Then, by definition 44| (h,0) € R[Az. ¢]". O
Corollary 1. Ift € O4]¢] thent € R[[QS]]@,

Proof. Straightforward induction on the derivation of ¢ € O4¢], using lemma
Base case: rule .

(5,4) € O] and by lemmalg] (3,1) € R[4]".
Base case: rule .

By the premiss and lernrna (h,r) € R[[QS]]@.

Case: rule (28).
By the premisses and lemma (h,W')t € R[[d)]]@ O

Traces in O4]¢] are obtained by observing every single transition in the operational semantics. They relate to
traces in O[¢], which are obtained by observing transitions in the transitive and reflexive closure of the operational
semantics, by the stuttering, mumbling and faulting closure.

Lemma 19. Ift € O[¢] then t € (O1]¢])".

Proof. Induction on the derivation of ¢ € O[¢], with nested induction on steps k ~~* &'
Base case: rule (|16).

(5,¢) € O[¢] and by definition 34 (¢.¢) € (O:[¢])".

Base case: rule ‘

By induction on the derivation of the premiss.

Nested base case: ¢, h ~» o

By deﬁnition (h,0) € O1¢]. Then by deﬁnition (h,0) € (Ol[[qﬁ]])T.

Nested case: ¢, h,~ 1, h' and 1, h' ~* o

By the inductive hypothesis, (h',0) € (Olﬂw]])T. Then, by definition there exist b, h'’ t such that if t = ¢,
then A" = A", and (R, h")t(h",0) € Oq[¢]. Then, by definition (h, W)W, W)E(R,0) € O1f¢]. Then, by
definition [34] (h,0) € (O[¢])".

Case: rule (18]).

Let t € O[¢]. By induction on the derivation of the premiss.

Nested base case: ¢, h ~ 1, h’ By the inductive hypothesis ¢t € (Ol[[’(/J]])T. By definition there exists u € O1]¢]
such that ¢ € (O4[¢])". Then, by definition [45] (h, #')u € Oy[¢]. Then, by definition 34 (r, »')t € (O1]¢])".
Nested case: ¢, h ~ ¢, h" and @', h” ~~* ¢, h/. By the inductive hypothesis, (", h')t € ((91[[¢’]])T. By deﬁnition
there exists u, v, b/, b, such that (h”, K" )u(h"",h')v € O1[¢']. Then, by definition[d5] (h, h")(h", K" )yu(h"", h')v €
O1[¢]. Then, by definition [34] (h, ')t € (O4[4]) . O

Corollary 2. Ift € O[¢] thent € [[(b]]@.

Proof.

O[¢] C by lemma

(06D
C by corollary [[] and lemma
1
(RI41")
= by lemma
[o1”
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A.2 Denotational traces are operational traces

The following two intermediate lemmas, establish compositional properties for Oq]¢].
Lemma 20. O4¢]; O1v] C Oq¢; ¢]

Proof. We prove that if t € O1]¢] and u € Oq]¢], then tu € O4]¢; ], by induction on the derivation of ¢ € O4¢].
Base case: rule .

($:¢) € 019, (¢,8) € Ox[¢] and (3,3) € O1; 9]

Base case: rule .

Let u € Oq[¢)]. Let (h,0) € O1]¢]. Case analysis on o. First, let 0 = §. Then, by the premiss and definition
¢, h ~ ¢, by which (h,3) € Oq]¢;v]. By trace concatenation, (h,$) = (h,$)u, by which (h,$)u € O4¢;¢].
Second, let o = h'. By deﬁnition @310, h ~ 1, h'. Then, by rule (28)), (h, ' )u € O1]d; ¢].

Case: rule .

Let u € O[¢)]. Let (h,h')t € O1]¢]. Then, by the premiss, there exists ¢, such that ¢, h ~ ¢, b’ and t € O4[¢'].
By the induction hypothesis, tu € O4]¢’;¢]. From the premiss and definition o;¢,h ~ @51, h'. Then,
(h, K )tu € O]¢; ¢]. O

Lemma 21. Oy[¢] || O4]¢] € O4]¢ || ¢].

Proof. We prove that if t € O1]¢], u € O1[¢], and s € ¢ || u, then s € O4]¢ || ¥], by induction on the derivation of
te Olﬂd)]]

Base case: rule " (ivi) € 01[[95]]7 (iaz) € 01[[7/}}] and (3’3) € Ol[[d) ” ’(/)]]

Base case: rule (27).

Let u € O1]¢]. Let (h,0) € O4]¢]. Case analysis on o. First, let 0 = ;. By definition (h,3) € (h,3) || u.
Then, by premiss and by definition ¢ || ¥,h ~ ¢, by which (h,3) € Oq¢ || ¥]. Second, let o = h'. By
deﬁnition (h,h)u € (h,h') || u. Then, by premiss and by definition @ || ¥, h ~> 4, h'. Then, by rule ,
(h, h')u € Oi[o || 9.

Case: rule (28]).

Let uw € Oq1]¢)]. Let (h,h')s € O4]¢]. Then, by the premiss, there exists ¢, such that ¢, h ~ ¢', b’ and s € O4[¢'].
Let w € s || u. By definition (h,h)w € (h,h')s || u. By the inductive hypothesis, w € Oq[¢’ || ¢]. From the
premiss and definition 28] ¢ || v, h ~> ¢’ || 1, /. Then, (h,h)w € O1]¢ || ¥]. O

Lemma 22. 01[¢]] U O]_[[¢]] g O]_[[¢ [ ’Qb]]

Proof. We prove that if t € O4]¢] or t € Oq]¢], then t € Oq]¢ U], by proving: a). if t € O4[¢], then t € O4¢p U],
and b). if t € Oq[¢], then t € O4]¢ U 9], each by induction on the derivation of t € O4¢].

Proof of a).
Base case: rule . ¢,2) € 019, (5,3) € O[] and (5,3) € O4¢ L]

Base case: rule (27))

Let (h,0) € O1]¢]. Then, by premiss and definition ¢ U, h~ o. Tt follows that, (h,0) € O1f¢ U ].

Case: rule .

Let u € Oq[¢]. Let (h, ')t € O1]¢]. Then, by the premiss, there exists ¢, such that ¢, h ~ ¢’ b’ and ¢t € O1]¢'].
By the induction hypothesis, ¢ € O1]¢’ Uv]. From definition let @ Up,h ~ ¢ B'. Tt follows that, (h,h')t €
Oi[¢ U]

Proof of b). Asin a). O

Lemma 23. |J, O1¢ [v/z]] C O4[3z. ¢].

Proof. We prove that if t € |J, O1]¢ [v/z]], then t € O4[3z. ¢], by induction on the length of ¢.

Let v € VAL.

Base case: (5,3), trivial.

Base case: (h,0) € O1]¢ [v/x]].

By rule , ¢ [v/x],h ~> o. Then, by deﬁnition Jz. ¢, h ~ o. It follows that, (h,0) € O1]3x. ¢].

Case: (h,h')t € O]¢ [v/x]].
By rule (28), there exists ¢ such that ¢ [v/z],¢ ~ ¥,h’ and t € O1[¢]. By definition dz. ¢, h ~ ), h'. By
rule (28)), (h, k')t € O4[Fz. ¢].

O
Lemma 24. O4¢ [F/f]] C Oq[let f = F in ¢].
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Proof. By induction on the length of t € O1]¢ [F/ f]].

O
Lemma 25. O1¢ [[[e]]@ /x}}] C O[Oz ¢)e].
Proof. Similarly, to lemma O
Lemma 26. Oq¢ [uA. \x. ¢/A][[e] /x]] C O1](nA. \x. ) €].
Proof. Similarly to lemma
O
The following lemma is a direct consequence of the fact that recursion is semantically the least fixpoint.
Lemma 27. R[A\z. ¢4~ RrAre91] — R4 A2 ¢]”
Proof. By induction on ¢.
Base case : Ae.
Rﬂ/\x'Ae]]p[AHRﬂuA.)\m,Ae]]p]
- . R[[Ae]]p[A}—)RﬂpA.)\a:.Ae]]”][m»—w]
- . (R[Aﬂp[AHR[[uA.)\w.Ae]]p][J;»—w]) [[eﬂp[AHRﬂuA.kxAAe]]”][va]
= \v. (R[pA. Az. Ae]”) [e]1*~
= by definition [#4] lemma [11] and Kleene’s fixpoint theorem
M. (U Ty € VAL = P(TRACE) | n € NA Ty = (R[\x. Ae]]p[‘%’m)"}) [e] 7t
= . (U{T} € VaL - P(TRACE) | n e NAT) = (. (R[[A}]P[A*’@“M]) [[e}]f’[w“])"}) [e]?le?)
- U {Tf € VAL — P(TRACE) ] neNAT; = (\v. (RHAHP[AH@“W”]) [e]”1*] )nﬂ}
= by Kleene’s fixpoint theorem
R[uA. Ax. ¢]°
All other cases follow directly from the inductive hypothesis. O

We now establish the reverse of corollary R[[(b]]@ C O4]¢]. This is difficult to prove directly by induction over
¢. Specifically, substructures of ¢ extend the variable environment, for example R[3z. ¢]](Z) =, R[[¢]]w[IHU], and
thus we cannot directly apply the inductive hypothesis. The solution is to generalise the property for arbitrary
variable stores. Then, the property we wish to prove takes the form R[¢]” C O1]C[¢]], where C is a context that
closes ¢ according to the bindings in p. In order to precisely state this property, we first formally define closing
contexts induced by variable stores.

Definition 46 (Closing contexts).

Syntactic environments: nu=0|z—e:n|f—=F:n]|A—¢
Syntactic environment application: 0(0p) = ¢
0((x > e m)6) 2 0(n(o |[e]°™ /x)))
O((f = F :m)p) = 0(n(0[F/ 1))
0((A =9 :m)o) = 0(n(¢[nA Av.4p/A]))
Syntactic environment erasure: w(®) =0
wia e:n) 2w [
w(f = Fin) 2wl = RIFT
WA :n) 2 wn)[A e RlpA Az ] ™)

Intuitively, a syntactic environment, 7, represents the closing context. We use 7, to list the variable bindings that
we need to introduce in ¢. The syntactic environment application, theta(n ¢), applies the syntactic environment 7,
to ¢ by substituting the variables in ¢ with their bound values. The syntactic environment erasure, w(n), erases 7
to a variable store that binds variables according to 7.
Given definition [46] the reverse of corollary 1] is: R[¢]“™ C O1[0(ne)].
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Lemma 28. R[[(b]]w(n) C O1[0(ne)].

Proof. By induction on ¢.
Base case: VZ. (P, Q),.

RIVE. (P,Q),]*"™ = by definition
— = S
(h ') € MOVE | & € VAL A € a((P)*F=, (Qp0E=) (h)}

U4 (k) € Hiapt ﬁeﬁﬁAdwwwmmﬂmMWﬂMuw>}

Ui}
= by induction on n and definition

Oil0(n(vZ. (P, Q),))]

U]

A GQD;(n)[fH1]®

Case: ¢;1.

R[9; w]]w(”) = by definition

R[[d)]]w(n) . RH¢HW(W)
C by induction hypothesis

O1[0(ne)]; O[O (ny)]
C by induction over 1 and lemma

O[0(n(;¥))]
Case: ¢ || ¥.

R[$ || ] = by definition
R[61*™ || REwT“
C by induction hypothesis
Oi[0(ne)] || O0(n)]

C by induction over n and lemma

OWl0(n(¢ || ¥))]
Case: ¢ U 1.

RJp U] = by definition [i4]

R[6]*™ U R[]
C by induction hypothesis

O1[0(ne)] L O1[0(ne)]
C by induction over n and lemma
Oi[¢ U]

Case: ¢ M1, similarly to previous.
Case: Jz. ¢.
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R[3z. ¢]“ = by definition
U R[[gb]]w(n)[sz]

_ U R[[qs]]w(va:n)
C by induction hypothesis

Joulb((z = v :n)¢)]

= by syntactic environment application (definition

Joib(n(e [v/2])]

C by induction over 1 and lemma

O1[0(n(3z. ¢))]
Case: let f=Fin ¢

R[let f=F in (b]]w(") = by definition [44]
R[S]* PV~
_ R[[qsﬂw(fHF:n)

C by induction hypothesis

ON0((f = F :m)9)]
= by syntactic environment application (definition

Oi[0(n(e [F/f))]
C by induction over 1 and lemma

Oi[f(n(let f = F in ¢))]
Case: (A\z.9¢)e.

R[(Az. ¢) e]]w(") = by definition [44]
(R[[)\m. ¢]]w(n)) [e]“™
_ (Av.Rﬂd)]]“’(")[zH”]) [[e]]“’(”)
— R[[¢]]w(n)[w'—>[[611‘“(")}
_ RH¢Hw(rHHeﬂ“<"):n)
C by the induction hypothesis

O8((x = []*™ : ))]
= by syntactic environment application (definition

Olon(s [[e]* /x| )]
C by induction over n and lemma

O0(n((Az. ) €))]
Case: (A. \x. ¢)e.

33



R[(1A. Mz. ¢) e]*™ = by lemma
R[(Az. §) eﬂW(n)[AHRﬂuA-/\%M]‘”(")]

_ R[[(bﬂw(n)[A'—>73[[MA-/\%¢]]“("’>][xH[[G]]W(")]

_ R[[QSHW(QCH[[G]]W("):AHdm)

C by the induction hypothesis
O6((x = [e]*™ - A 6 :m)9)]

= by syntactic environment application (definition
Olo(n(6 [1A. Az 6/4] [e]* /2] ))]

C by induction over 1 and lemma
OW[0(n((nA. Az ¢) €))]

Case: Ae. By induction on 7.
Case: fe. By induction on 7. O

The following lemma reflects the fact that O[¢] are obtained from the reflexive, transitive closure of a single
step in the operational semantics.

Lemma 29. Ift € O4]¢], then t € O[¢].

Proof. By induction on the derivation of ¢t € Oq]¢].

Base case: rule .

Trivial; (3,1) € O6] and (1,4) € O[]

Base case: rule .

Let (h,0) € O4]¢]. By the premiss, ¢, h ~ o, from which it follows that ¢, h ~»* o. Then, by rule (17)), (h,0) € O[¢].
Case: rule .

Let (h,h')t € Oq]¢]. By the premiss, there exists v, such that ¢,h ~ ¥, h' and t € O¢)]. It follows that
¢, h ~~* 1, h'. From the induction hypothesis, ¢ € O[¢]. Then, by rule (18), (h, k')t € O[J]. O

Corollary 3. Ift € Oy[¢], then t € (O[¢])".

Proof. By lemma t € Off¢g] = t € O[¢]. By rule 23), t € O[¢] = ¢ € (O[[q/)]])T. Then, by transitivity
teOf¢] =te (O[] O

Corollary 4. If ¢ is closed, then [[q’)]]@ C (O[]

Proof.

[¢]° = by lemma

(RLa1®)'
C by lemma [28 and lemma [12| (increasing property)
(Oile])!
C by lemma [29] and lemma [12] (increasing property)
©O[gD)’
O
Corollary 5. If ¢ is closed, then [¢]° = (O[4])".
Proof. From corollary Of¢] € [[gzﬁ]}@.
By lemma 12| (increasing), (016])'  ([¢]") "
By lemmal15 (O[¢])" < [¢]".
Then, by corollary [M)]]@ = (O[] O
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B Proofs of General Refinement Laws

Lemma 30 . o3 o)

Proof. Immediate, by definition [36| and reflexivity of C.
Lemma 31 (TRANS). If ¢ C o', and o' C 1, then ¢ C 1.
Proof. Immediate, by definition [36] and transitivity of C.
Lemma 32 . If T, and Y C ¢, then ¢ = 1.
Proof. Immediate, by definition [36] and anti-symmetricity of C.
Lemma 33 . skip; ¢ = ¢ = ¢; skip

Proof. Let p such that it closes ¢.

By definition [37) R[skip]” = R[(true,true),]’.
Then by definitions [44] and

RVZ. (true, true), |” = {(h,h) | h € HEAP} U {(s,$)}.

By rules [CLSTUTTER and |[CLMumBLE| (R[skip])”: R[4]")" = (R[¢]”

By lemmal16] [skip: ¢]” = [4]’ — [4; skip]’.
By definition [36] skip; ¢ = ¢ = ¢; skip.

Lemma 34 (Assod). ¢; (¢1;2) = (6;401); 92

Proof. Let p such that it closes ¢, 11 and 5.
By definitions [44] and B1} R[¢; (v1:42)]” = RI(d591); ¢a]”.

By lemma (12 (R[¢; (tb1; ¥2)]°) = (RI(1);¢02]")
By lemma [16} [¢; (15 %2)]” = [(¢5¢1); ¥2]”.

Lemma 35. miracle C ¢

Proof. Let p such that it closes ¢.

By definition [37, R[miracle]” = R[(true, false),]".

By definitions [44] and [26] R[(true, false),]” = {(:,3)}.

By lemma 8} (5,5) € R[¢]”. Therefore R[miracle]” C R[¢]”.
By lemma (R[[miracle]]p)Jr C (R[[(b]]p)T.

By lemma [miracle]” C [¢]°.

Thus, by definition [36] miracle C ¢.

Lemma 36. ¢ C abort

Proof. Let p such that it closes ¢.

By definition R[abort]]p R[(false, true), ]”.

By definitions [44] and [26| R[(false true>k]]p (Heap x s HU{(.¢)}-
By definition and specifically rule ( 7

(R[(false, true), ]*)" = Move*; FAULT?,

Thus, by lemma [(false, true), |* = TRACE, is the set of all possible traces; the top element of the refinement

lattice.
Therefore, [¢]” C [abort]”, and by definition |36, ¢ C abort.

Corollary 6 (MINMAX]|). miracle C ¢ C abort
Proof. By lemma [35] and lemma

Lemma 37 (EELIM). ¢[e/z] C Jz. ¢
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Proof. Let p such that it closes ¢.

By definition [14] R[3z. ¢]” = U, R[¢]"* ")
By lemma@7 Rl [e/x]] R[¢]71* 1V

Let v' = [e]”.

Then, R[¢[e/z]]” C R[Fz. ¢]".

By lemma (R [e/a]l’)' € (RIZz. 6]")'.
By lemma [¢[e/x]]” C [Fz. 9]".

Thus, by definition [36] ¢ [e/z] C 3z. ¢.

Lemma 38 (EINTRO)). If x &€ free(¢), then Jz.¢ C ¢

Proof. Let p such that it closes ¢.

Directly by definition 44| and x & free(¢), R[3z. ¢]” C R[¢]".
By lemmal12} (R[3z.6]")" € (R[¢]")".

By lemma [Bz. ¢]” C [4]".

Thus, by definition [36] Jz. ¢ C ¢.

Lemma 39 (ACHOICEEQ). ¢ U ¢ = ¢

Proof. Let p such that it closes ¢.

R[g]” U Rp =R[¢]".

By lemma [12, (R[6]” UR[¢]")' = (R[6])" U (R[¢]") = (R[4]")".
Then, by lemma [16] [¢ U ¢]” = [¢]°.

Thus, by definition [36] ¢ Ll ¢ = ¢.

Lemma 40 (ACHOICEID). ¢ Umiracle = ¢

Proof. Let p such that it closes ¢.

By definitions, R[miracle]” = {(s,:)}.

By lemma (5,8) € R[g]”.

Therefore, R[¢]” U R[miracle]” = R[¢]".

Thus, R[¢ Umiracle]” = R[¢]".

Then, by lemma [12] (R[¢ Umiracle]’)’ = (R[¢]")".
Then, by lemma [¢ Umiracle]” = [¢]”.

Thus, by definition [36] ¢ Limiracle = ¢.

Lemma 41 (ACHOICEASSOC). ¢ U (11 Uths) = (U h1) U b

Proof. Let p such that it closes ¢, 11 and 5.

By associativity of set union, R[¢]” U (R[¢1]” U R[¢2]”) = (R[¢]” UR[1]") U R[:]”.
ThUS, Rﬂd) L (”(/)1 [ TZJQ)HP = Rﬂ(d) L 1)[)1) [ TZJQHP.

Then, by lemma |12 (R[6 U (1 Up2)]*)' = (RI(¢ W) Uys]”)'.

Then, by lemma [ U (¢ Uabe)]? = [(¢ U ap1) Lapa]”.

‘ThUS7 by definition ¢ [ (’(/)1 [ wg) = ((b [ wl) [ wg.

Lemma 42 (ACHOICECOMM|). ¢ U =9 U ¢

Proof. Let p such that it closes ¢ and 1.
By commutativity of set union, R[¢]” U R[]’ = R[¢]” U R[4]”.

Therefore, R[¢ L] = R[w U ¢]°.
Then, by lemma 12| (R[¢ U¢]*)" = (R L ¢]")".
Then, by lemma [o ]’ =[vug]”.

Thus, by definition [36] ¢ L = 3 U ¢.

Lemma 43 (ACHOICEELN). ¢ C ¢ Ll ¢
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Proof. Let p such that it closes ¢ and 1.

By set theory, R[¢]” C R[#]” U R[]".
Therefore, R[¢]” C R U ¢]]”

Thus, by lemma [12} (R[¢]")" € (R[p U]")".
Thus, by lemma [16] [¢]” C [¢ L ]”.

Thus, by definition | O C ol

Lemma 44. (Tl @] Tg); T; = (Tl;Tg) @] (TQ;Tg)

Proof. By definitions, (T4 UTy); T3 = {st | s € Ty UTs,t € T3}.
Also, TY; 15 = {St ‘ seTy,te Tg}

A]SO, T, T3 = {St ‘ seTy te Tg}

Then (Tl,Tg) U (TQ,Tg) = {St | seTyUTs t e Tg}

Corollary 7 (ACHOICEDSTR)). (¢1 U ¢2);¢ = (¢1;9) U (¢2;9)

Proof. Let p such that it closes ¢ and 1.

By lemma [14] (R[¢1]” U R[$2]"); RW (R[¢1]”: RI¥I?) U (R[¢2]” s RIVI?).
Thus, ((R[[¢1u Rl$217): RIVI)" = (R[:1]7 5 RIVI") U (R[ga]” s R[¥I"))
By definition [44] (R[(¢1 L ¢1);9]°)' = (R[(¢1:9) U (625 9)]") .

By lemmal[T6] [(¢1 U 1) ¢]” = [(¢139) U (¢2;4)]".

Thus, by definition [36] (¢1 U ¢1);¢ = (¢15¢) U (¢2;¢).

Lemma 45. Tl; (T2 U Tg) = (Tl,Tg) U (T17T3)

PTOOf. By definition, T7; (T2 U Tg) = {St | seTy,telr,U Tg}
A]SO, Tl;TQ = {St ‘ S € Tl,t € T2}

AlSO, Tl;Tg = {St ‘ S € Tl,t S Tg}

Then, (Tl,TQ) @] (Tl,Tg) = {St | seTy,tely UTg}

Corollary 8 (ACHOICEDSTL]). ; (41U ¢2) = (¢;61) U (¢; ¢2)

Proof. Let p such that it closes ¢1, @2 and .

By lemma [45] R[¢]”; (R[¢1]° UR[$2]") = (R[¥]”; R[$1]") U (R[¥]” s R[¢2]").
Thus, (R[¢]” ﬁvzwp UR[$2)")" = (R[] R[6:1]7) U (R[¥] s R[¢2]"))".
By definition |44 (R[v; (¢1 U 62)]")" = (R[(; 61) U (¥362)]°)".

By lemma [16] [1); (61 U 62)]” = [(v; 61) U (v; 2)]".

Thus, by definition 36} 1; (¢1 U ¢2) = (¥; 61) U (15 ¢2).

Lemma 46 (DCHOICEEQ). ¢ M ¢ = ¢

Proof. Let p such that it closes ¢.

By set intersection, R[¢]” N R[¢]” = R[¢]”.
Therefore, R[¢ N Rlo]”.

Then, by lemma |12, (R[¢ 1 4]")" = (R[4]")".
Then, by lemma [16] [¢ M ]” = [¢]”.

Thus, by definition [36] ¢ M ¢ = ¢.

Lemma 47 (DCHOICEID). ¢ M abort = ¢

Proof. Let p such that it closes ¢.
By definitions, [abort]” = TRACE.
Then, by the fact that TRACE is the top element in the P(TRACE) lattice, and by set intersection, [¢]” N[abort]”’ =
[4]”.

Then, by lemma [12] ([¢]” N [abort]”)" = ([¢]")".

Then, by lemma and definition |35] [¢ Mabort]” = [¢]”.
Thus, by definition |36 ¢ M abort = ¢.

Lemma 48 (DCHOICEASSOC). ¢ M (11 Mape) = (¢ Mahy) Mape
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Proof. Let p such that it closes ¢, and 5.

By associativity of set intersection, R[¢]” N (R[w1]” N R[v=2]”) = (R[¢]” N R[¥1]") N R[=2]”.
Thus, ,R,[[(]S M (wl M wg)]]p = ,R,[[((]S M ¢1) [l wg]]p.

Then, by lemma 12/ (R[¢ M1 (1 M92)]*)! = (RI(¢ Mv1) Mys]”)'.

Then, by lemma [16} [¢ T (1 M4p2)]” = [(¢ M 1) Maba]”.

Thus, by definition G (Y1 Mahg) = (@ Mahy) Mahs.

Lemma 49 (DCHOICECOMM|). ¢ My = M ¢

Proof. Let p such that it closes ¢ and 1.
By commutativity of set intersection, R[¢]” N R[+]” = R[¢]” N R[¢]”.

Therefore, R[[¢ M ]” = R M ¢]°.
Then, by lemma (R[[QS ny]”) = (R 1 ¢]*)'.
Then, by lemma [o ]’ =[Nl

Thus, by definition dNY = Me.

Lemma 50 (DCHOICEELIM). If ¢ C 41 and ¢ = s, then ¢ C by M.

Proof. Assume premisses hold. Then,

b1 Mapy I by first premiss and
PPy
2 by second premiss and
PN ¢
iy
¢

Lemma 51 (DCHOICEINTRO). ¢ M C ¢

Proof. Let p such that it closes ¢ and 1.

By set intersection, R[¢]” N R[¢]” C R[p]".
Then, by definition [44] R[é M]” € R[4]".
Then, by lemma [12] (R[¢ 1 4]")" € (R[¢]")".
Then, by lemma [16] [¢ M ]” C [¢]”.

Thus, by definition oM C o

Lemma 52. (Tl n TQ); T3 = (Tl,Tg) N (TQ,Tg)

Proof. By definitions, (Th NTs);T5 = {st | s € T1 N Ty, t € T3}.
AISO, T;T5 = {St ‘ seT,te Tg}

A]SO7 T, T3 = {St ‘ seTy te Tg}

Then, (Tl,Tg) N (TQ,Tg) = {St | seTy NIyt e Tg}

Corollary 9 (DCHOICEDSTR]). (¢1 M ¢2);9) = (¢15¢) M (a3 7))

Proof. Let p such that it closes ¢1, ¢o and 1.

By lemma 52, R[¢]”; (R[¢1]” N R[$2]") = (R[¥] s R[p1]”) N (RIL]” s Rpa]”).
Thus, (R[]’ iveuqslnf’ NR[2]")" = (RIY]*: RI#:17) N (R[¥]” s RI62]°))"
By definition 4] (R[v; (61 1 62)]”)" = (R[(w561) N (4 62)]7)".

By lemma [16] [¢; (¢1 M ¢2)]” = [(v; ¢1) M (¥ 62)]”.

Thus, by deﬁnition P; (91 M) = (5 ¢1) M (Y5 ¢2).

Lemma 53. T;(To NT3) = (Th; T2) N (T1;T3)

Proof. By definition, T1; (To NT5) = {st | s € T1,t € To N T5}.
zA]SO7 Ty, Ty = {St ‘ seT,te TQ}

A]SO, Ty, T3 = {St ‘ seTy,te T3}

Then, (Tl,TQ) N (Tl,Tg) = {St | seTy,tely ﬂTg}
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Corollary 10 (DCHOIGEDSTL). ¢ (¢1 M 62) = (15 61) 1 (45 62)

Proof. Let p such that it closes ¢1, ¢o and .

By lemma[45] R[¢]”; (R[¢1]” NR[$2]) = (R[¥]”; R[$1]") N (R[¥]” ; R[¢2]").-
Thus, (R[[w]]”iR[[%]]” NR[$=)")" = (R[] R[6:1]7) N (R[¥] s R[¢2]"))"
By definition [44] (R[v; (61 11 62)]")" = (RI(w; é1) 1 (03 62)]°)".

By lemma [16] [1); (61 M ¢2)]” = [(v; 61) 11 (5 ¢2)]".

Thus, by deﬁnition P; (91 M) = (; ¢1) M (Y5 d2).

Lemma 54 (ACHOICEDSTD)). ¢ U (¢1 M) = (¢ U11) M (¢ Ug)
Proof. Let p such that it closes ¢, 1 and 1s.
By distributivity of set union over set intersection,

RI¢1” U (R[1]” N R[¥2]") = (R[#]” U R[¥1]") N (R[S]" U R[2]")
)

Therefore, by deﬁnition RpU (1 M ¢2)]]” =R[(¢Up1) M (¢ LUo)] .
Then, by lemma |12} (R[6 U (1 M4)]*)" = (RI(G L 1) M (6L 4)]")
Then, by lemma |16} [¢ U (¢1 Mb2)]” = [(¢ L 1) M (U o))",

Thus, by definition [J6) ¢ LU (61 M th5) = (6 U ¢1) M (6L ).

Lemma 55 (DCHOICEDSTA). 6 1 (v L) = (6 7141) U (61145)

Proof. Let p such that it closes ¢, 1 and 1s.
By distributivity of set intersection over set union,

RI¢1” N (R[1]” U R[2]") = (R[¢]” N R[¥1]") U (R[S]" N R[2]")
)

Therefore, by deﬁnition R[o N (1 Uha)]” = R[(6 M) U (¢ M apy)].
Then, by lemma 12} (R[6 M (1 Uv2)]”)" = (RI(@ M) U (¢ M ek)]*)
Then, by lemma |16} [¢ 1 (1 U2)]” = [(¢ M eb1) U (M o))",

Thus, by definition [36) ¢ M (101 U ths) = (¢ Mtb1) U (¢ M eba).

Lemma 56 (| . pU(eNY)=d =N (pUD).

Proof. Let p such that it closes ¢ and 1.
By the absorption property in the lattice of powersets,

R[¢]" U (R[¢]” N R[¥]) = R[¢]” = R[¢]” N (R[4]” UR[¥]")

Therefore, by deﬁmtlon 4 RloU (¢ 1/;)]]” = R[[¢]]” =R[pM (pUP)]’.
Then, by lemma 12} (R[¢U (6 1v)]")" = (R[4]")" = (R[p 11 (6 1 9)]")".
Then, by lemma [16} [¢ U (¢ M9)]” = [¢]” = [¢ 1 (¢ U )]’

Thus, by definition |3 . pU(NY)=d =N (pU).

Lemma 57 (DEMONISE). ¢ ¢ C L4
Proof.

¢ MY C by |IDCHOICEINTRO|
¢
C by
pUp

Lemma 58 (PARSKID). ¢ | skip = ¢
Proof. By definitions, and [CLSTUTTER| and [CLMUMBLE]| rules.

Lemma 59 ( ol (W [l h2) = ([ ¥1) I 2
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Proof. Let p such that it closes ¢, and 5.

By lemma 17, R[¢]” || (R[v:]” || R[¥2]") = (R[6]” || R[¢1]°) | RIw2]’-
Therefore, by definition 44} R[¢ || (1 || 12)]” = R[(& || 1) || 2]
Then, by lemma 12, (R[¢ || (v1 || ¥2)]")" = (R[(6 || 1) || v2]”)".

Then, by lemma [16] [¢ || (1 || v2)]° = [(¢ || ¥1) || ¢2]”-

Thus, by definition [36] ¢ || (v1 || v2) = (¢ || ¥1) || ¢2.

Lemma 60 (PARCOMM). ¢ || =14 || ¢

Proof. Let p such that it closes ¢ and 1.
By definition 8] [5 || 01" = (191" | [01")'

By lemmal[L7 ([¢]” | [¢¥]) = (I¢1° | [4]°)".
Thus, by definition [35] [¢ || ¥]° = [+ || 4]°-
Therefore by definition 36} ¢ || v = v || ¢.

Lemma 61 (EXCHANGE). (6 || v); (¢/ || &) C (659") || (1)

Proof. Let p such that is closes ¢, @', 4,1,

By definition [44] R[(¢ || v); (¢' | ¥)]” = (R[¢]” | R[¥]"); (R[]’ | RI¥'T").

Let t1 € R[[¢]]p, U] € R[[’(/J]]p ty € R[[¢/]]p Ug € R[[’(/) ]]p

Let s € t1 || up and w € to || us.

We prove that sw € t1t2 || uyue by induction on the derivation of s € ¢ || w.

Base case: (h,$) € (h,$) || u1ue, directly by rule (22).

Base case: (h, h)ujug € (h,h') || urue, directly by rule (21)).

Case (h,h/)sw € (h, W )t1ts || urusg:

By rule (20), (h,1)s € (h, W)ty || .

Then, by the induction hypothesis: (h, h')sw € (h, h')t1ts || ujus.

Case sw € ujug || t1ta:

By rule (19), s € wy || t; and w € uy || ta.

Then, by the induction hypothesis: sw € ujus || t1ts.

Therefore, (R[]" | R[¢]”); (R[¢']" || RWH ) € (R[e]”: R[#T”) || (RI¥]” s R[¥'T").
Thus, by deﬁniti RIG 11 9); (¢ || ¢/ )]] C R[(&: ) || (9]

Then, by lemma 12} (R[(¢ [ ©); (' || ¥)]*)" € (RI(6;¢) II (54)]")".
By lemmal[L6] [(¢ [| v); (¢ | ¢)]” € [(¢:¢') || (v59")]".
Therefore, by definition [36} (¢ || ¥); (¢’ || ¥') C (¢;¢’) I (v;4").

Lemma 62. (S || T)U(S' || T)) C(SUS) || (TUT

Proof. Immediate by definition

Corollary 11 (ACHOICEEXCHANGE). (¢ || ¥)U (¢ || ¥') = (U ¢') || (Y UY')

Proof. Let p such that it closes ¢, @', ¢ and 7'
By lemma 62} (R[¢]” | R[¢]") U (R[#']” | R[¥']°) € (R[¢]” U R[¢]’) || (R[M]p UR[YT).
Therefore, by definition i R[(# || v) U (¢' | 9]° € RI(6U ) || (U vI)"

Then, by lemma (12} (R[(¢ || ) U (¢' | #)]7)" € (RI(@U &) || (v L3)])".
Then, by lemma T8, [(¢ || %) U (¢’ || ¥)]” C [(@U¢') || (& L))’
Thus, by definition [36} (¢ || ¥) U (¢' || ¢) C (6L ¢') || (¢ L).

Lemma 63 (SEQPAR|). ¢;¢ C ¢ || ¢
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Proof.

¢; ¥ = by [PARSKIP| and [CMONO|
(¢ || skip); (¢ || skip)
C by [EXCHANGE| and [CMONOQ| rules
(¢; skip) || (¢; skip)
= by [SK1P| and [CMONOQ|
ol ¢

Lemma 64 (PARDSTLR]). ; (¢1 || ¢2) T (¢5¢1) || 2
Proof.

@; (1 || ¥2) = by [PARSKIP| and [CMONO]|
(¢ || skip); (¥1 || ¥2)
C by
(¢;91) || (skip; )
= by [SKIP| and [CMONO|
(¢3901) || 2

Lemma 65 (PARDSTLL). ¢; (¢1 || 12) E 1 || (¢5¢2)
Proof.

¢; (Y1 || 12) = by [PARSKIP] [PARCOMM]| and [CMONOQ|
(skip || ); (¥ [ 42)
C by
(skip; ¢n) || (¢5¢2)
= by [SK1P| and [CMONO|
¥1 | (¢5¢2)

Lemma 66 (PARDSTRL). (¢ || ¢1);¢2 C ¢ || (¢1;%2)
Proof.

(¢ ]| ¥1); 2 = by [PARSKIP|, [PARCOMM| and [CMONQ|
(¢ Il 11); (Sklp | ¥2)
C by
(¢; skip) | (1111;%)
= by [SKiP| and [CMoONO)
¢ || (1;52)

Lemma 67 (PARDSTRR). (¢ || v1);¢2 C (¢542) || ¢
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Proof.

(¢ || ¥1); ¥2 = by [SKiP| and [CMONO|
(¢ [l ¥1); (2 || skip)
C by [EXCHANGH]
(¢5102) || (¢1; skip)
= by [SKIP| and [CMONO|
(¢§ ¢2) || U1

Lemma 68 (ACHOICEEQ). 3x.¢ = ||, ey, ¢ [v/7]

Proof. Let p such that it closes ¢.

By definition [i4] R[3z. ¢]” = U, cys, RI1""".

By lemma R[3Bz. ¢]” = U,eva, Rlo [v/2]]”.

Then, by lemma 12} (R[32.6]")" = (U, eva RIS [v/2])°) "
Therefore, by deﬁnition (R[3. (b]]p)T = (R[Uyeva. @ [v/m]]]p)T.
Then, by lemma [16] [3z. ¢]” = [, cv. ¢ [v/2]]°

Thus, by definition [36] 3z.¢ = | |, cy., @ [v/z].

Lemma 69 . If © & free(¢), then 3x. ;¢ = ¢; Jx. .

Proof. Let p such that it closes ¢ and 1.

By deﬁnition R[Bz. v’ = U, Rlgi )" = U, (RISI s RIw1 ).
By the premiss, R[¢]"" " = R[¢]".

Therefore, U, (R[¢]"" s RIuI*"" ) = R[8)"; U, RIvI" "

Thus, by definition [44] R[3z. ¢;¢]” = R[¢; 3z. ¢]".

By lemmal12] (R[3z. ¢;¢]") = (R[¢: 3o v]")'.

By lemma [Fz. ¢; )" = [¢; 3. 9]
Thus, by definition [36] Jz. ¢; ¢ = ¢; Iz 1.

Lemma 70 (ESEQDST). Jz. ¢;v¢ C (Jx. ¢); (Fz. ¢).
Proof. Let p such that it closes ¢ and 1 modulo z.
By definitions, U, ey, RIS RV € (Uyevas RIS ) 1 (Usevn RIVIT).

By deﬁnition R[3x. ;9] € R[(Fz. ¢); Fx.¥)]”.

Then, by lemma [12] (R[3z. ¢;%]°)" € (R[(Fz. 8); Gz.v)]")".
Then, by lemma [16] [Fz. ¢;¢]” C [(3z. ¢); (Fz. )]

Thus, by definition Fz. ;¢ C (Fz. @); (3x. ).

Lemma 71 (EACHOICEDST)). Jz.¢ Uy = (Fz.¢) U (3z.¢)
Proof. Direct, via[EACHOICEEQ| and [ACHOICEASSOC]

Lemma 72 (EPARDsT)). 3z.¢ || ¢ = (32.¢) || (3z.7)

Proof. Direct, via[EACHOICEEQ| and [ACHOICEEXCHANGE}

Lemma 73 (CMONO|). Let C be a specification context. If ¢ T 1, then C[p] C C[y].
Proof. By straightforward induction on C[—].

Lemma 74 (FAPPLYELIM)). ¢[e/z] = (Az.¢@)e
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Proof. Let p such that it closes ¢, modulo .

By deﬁmtlon 5l [(A\a. ¢) e]” = [tV

Then, by lemma |10} [[()\x ¢)e]’ = [ple/z]]’-

Thus, by definition |36} ¢ [e/x] = (Az. @) e. O

Lemma 75 (FApPPLYELIMREC). ¢ [(nA. Ax. @) /A][e/x] = (uA. Ax. d)e

Proof. Let p such that it closes ¢, modulo z and A, and e.

By definition [44] R[(uA. \x. ¢) €]’ = (R[uA. Az. ¢]”) [e]’.

Then, by lemma |2 j”R[[(uA. Az. @) e]’ = (’R[[/\ . HP[AHRMA'M‘MP]) le]”.

By definition R[(pA. Az ¢)e]” = R[[QSHP[AHRMA'M'MP][IHMP].

0L R[(1A. Az ) e]” = RIS [(pA- X 9) /A1

10, Rl(ed. Aa. ) ! = RI9[(uA Aa.0) /) [e/a]}"

Then, by lemma 12} (R[(#A. Az 6) )| = (R[6[(4A. M. 9) /A] e/]]°)'.

Then, by lemma [16 [[(,uA Ax. @) e]” = [¢ [(nA. Ax. §) /A] [e/z]]”.

Thus, by definition [36] ¢ [(uA. Ax. @) /A] [e/x] = (LA. Ax. @) e. O

Lemma 76 (FELIM). F; = A\z. Fix

Then, by lemma
Then, by lemma

Proof. Let p such that it closes Fj.

Case analysis on Fj.

Case Az. ¢, immediate by definition [35]

Case pA. \z. ¢:

By deﬁnltlonm 44 R[Az. (A Az. @) z]” = M. (R[pA. Ax. ¢]°) v.

By lemma R[Az. (nA. Az ¢) x]” = Iv. (R[[)\x. ]]p[AHRﬂ“A A1 .
Then, by definition [44] R[Az. (1A. Az. ¢) 2] = R[Aa. ¢] 147 Rlpd-Ae-0l7]
Therefore, by lemma 27, R[Az. (uA. \z. ¢) z]” = R[pA. \z. ¢]”.

Then, by lemma (R[Az. (pA. \x. §) $]]p)T = (RpA. \z. (b]]p)T.

Then, by lemma Nz. (pA. dx. @) 2]” = [uA. Xz. ¢]”.

Thus, by definition [36] F; = \z. Fz. O
Lemma 77 (FRENAME). If ¢ [e1/z] C ¢ [e2/x], then (Az.¢) e1 T (Az. ¢) €2

Proof. By [FAppPLYELIM| and [CMONO] [
Lemma 78 (FRENAMEREQ). If ¢ [(nA. Az. ¢) /A] [e1/z] T ¢ [(pA. Az §) /A] [ea/x], then (LA Ax. §) €1 T (LA. Az. §) €2
Proof. By [FApPPLYELIMREC| and [CMONO] [
Lemma 79 (FUNCINTRO). If z & free(¢), then (A\z.¢) () = ¢.

Proof. Tmmediate by definition O
Lemma 80 (INLINE). ¢ [F/f]=let f=F in ¢

Proof. Immediate by definition [35] and lemma [9] O

Lemma 81 ( CIf Az g [ M. /A] E Ax. 4, then pA. Az, ¢ C Az .

Proof. By lemma Wl the function [Az.]” (A==l (VAL — P(TRrRACE)) — (VAL — P(TRACE)) is monotonic.
Furthermore, the function space VAL — P(TRACE) is a complete lattice.

By the premiss and deﬁnition for all closing p, [Az. ¢ [\z.v/A]]” C [Az.¢]".

By lemma@ [z, ¢]A DUl g

Then, by the fixpoint induction theorem, u [Ax. qb]]p[AH*] C [Mz.y]”.

Thus, by definition [35] [uA. Az. ¢]” T [Az. 9]’

Therefore, by definition pA . ¢ C Ax. . O

Lemma 82 (UNROLLR)). If A & free(¢;) U free(v), then
(WA Az U@y Ae)e = le/z] U ple/x]; (WA Ax.p U p; Ae”) €’
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Proof. By [FAPPLYELIMREC| O

Lemma 83 m If A& free(¢;) U free(v), then
(WA Xz U Ae'sp)e = le/z] U ple/x]; (WA Ax.p U Ae”; ¢) €

Proof. By |[FAPPLYELIMREC] O
Lemma 84 (RECSEQ)). If A & free(¢) U free(v1) U free(vs), then
(BA Az 1hy U ¢y Ae') e31pa [e/a] = (A Aw.thrs o U s Ae') e

Proof. First, we have the following:

Az 15 he U ¢y (A (A Az by U ¢ Ae') w39p2 [e/x]) €
~ by

Az P1;ho U ¢ (LA Az 1 U d; Ae') €5 4ha [e/ ]
by

Az. (Y1 U @y (A Az aby U gy Ae') €') 5900 [e/ )
= by |UNROLLR] and |[CMONQ|

Az, (A 3.1 U @5 Ae) 23 1h9 [e/ ]

Therefore, by [[ND| puA. Az b1; 909 U ¢ Ae’ = Ax. (uA. Az by U ¢; Ae) 5909 [e/ ).
Then, by [CMoONO| and [FAPPLYELIM|, (tA. Ax. 11519 U ¢; Ae') e = (pA. Ax. )1 U ¢; Ae’) e; )2 [e/x]. O

C Primitive Atomic Refinement Laws Proofs

Lemma 85 (AUELIM). VZ.(P,Q), C Vy,Z. (P,Q),

Proof. Let p such that it closes VZ. (P, Q),. Let ¢ € VAL, of the same length as ¥ and let v € VAL. By pointwise
extension, (P)°l#=7 C (]PDP[f’—’ﬁ][y’—W] and (Q)[#=7 C (Q)rlE—ollv—vl,

Therefore, by definition [44] R[VZ. (P, Q) 1”7 C R[Vy,Z. (P,Q),]".

Then, by lemma [12, (R[VZ. (P,Q),]")" € Rlvy, 7. (P,Q),]".

Then, by lemma [16] [VZ. (P,Q),]” C [Vy,Z. (P, Q),]".

Thus, by definition |36} VZ. (P, Q), C Yy, Z. (P, Q),. O

Lemma 86 (AEARLY). If x € free(P), then 3x.Vy. (P,Q), C Vi.(P,3x.Q),

Proof. Let p such that it closes both specifications. Let ¢/ € \77& and v € VAL.

By premiss and definition 26] a((P)el==Ild=7 (Q)rle=vlli=) = a((]PDP[yA'_’m7 (Q)Ple—ellg=al) |
By definitions, a((P)°¥=>7, (]QDP[IH”MH”]) C a((P)Pl=7, (3z. Q)P )

Thus, by definition [14] R[v. (P,Q),]" € R[[vy (P,3z.Q),]"

Then, by lemma lemma and definition E, V. (P,Q), T VY. (P,3z. Q).
Then, by CMONO! Jz. VY. (P, Q) C 3x. VY. (P, 3x. Q).

By the premiss and [EINTRO, Jz.Vy. (P, 3z.Q), T Vy. (P, 3z.Q),.

Thus, by [TRANS} Jz. VY. (P, Q), E Vy. (P, 3z.Q),. O

Lemma 87 (AEELIM)). Vi, z.(P,Q), C Vy. (3z. P,3x.Q),

Proof. Let p such that it closes both specifications. Let ¥ € \ﬂ and v € VAL.
By definitions [26) and 22 a((P)?W#7, (Q)71#=7), C a((Fz. P)PI7, (Fz. Q)P .
Therefore, by definition [44] R[Vy, z. (P, Q),]” € R[VY. (3z. P, 3x. Q}k]]p

Then, by lemma |12, (R[¥7,z. (P,Q),]°)" € (R[VF. (3z. P,3z.Q),]")"
Then, by lemma VY, z. (P, Q)k]]p - [[Vy (3z. P,3z.Q),]".
Thus, by definition |36, Vi, z. (P,Q), C Vy. (3z. P,3z.Q),. O

Lemma 88 (ADISJUNCTION). VZ. (Py, Q1)) LIVZ. (P2, Qo)) CVZ. (P V P, Q1 V Qa),
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Proof. Let p such that it closes both specifications.

By definition 28 a((P1)". (Q1)7), Ua((P2)?, (Qa°), € a((Py v Pa)?, (Q1 v Qa)?),..

Therefore, by definition R[[Vf <P1, Q1>k]]p U R[[Vf <]327 Q2>k]]p g R[[Vf <P1 V P2, Ql \Y Q2>k]]p.
Thus, RHVf <P1, Ql)k [ Vf <P2, Q2>k]]p Q R[[Vf <P1 V PQ, Q1 \Y Q2>k]]p.

Then, by lemma (RIVZ. (P1, Q1) UVZ. (P, QQ>;€HP)T C (RIVZ APV P,Q1 V Q2>kﬂp)T-

Then, by lemma [[Vf <P1, Q1>k ] V.’f <P2, Q2>k]]p Q [[V(f <P1 \Y .P27 Ql \Y Q2>kﬂp.

Thus, by definition VZ. <AP17 Q1>k U VZ. <P2, Q2>k C V7. <P1 Vv Py, Ql V Q2>k.

Lemma 89 (ACONJUNCTION|). VZ. (Pi,Q1), MVZ. (P, Q2), T VZ. (P A P2, Q1 A Q2),

Proof. Let p such that it closes both specifications.

By definition 26} a((P1)”, (Q1)?),, Na((P2)?, (Q2)?)) € a((Py A Pa)”, (Q1 A Qa)?)-

Therefore, by deﬁnition RIVZ. (P, Q1>k]]p NRVE. (P, Q2>k]]p C RIVZ. (Py A Py, Q1 A Q2>k]]p.
Thus, R[VEZ. (P, Q1) MVZ. (P2, Q2),]” € R[VZ. (P1 A P2, Q1 A Q2),]”.

Then, by lemma (RIVZ. (P1, Q1) NVZ. (P, QQ>;€HP)T C (RIVZ.(Py APy, Q1 A Q2>kﬂp)T-

Then, by lemma [[Vf <P1, Q1>k M V.’f <P2, Q2>k]]p Q [[V(f <P1 A .P27 Ql A Q2>kﬂp.

Thus, by definition VZ. <,P17 Q1>k nvz. <P2, Q2>k C VZ. <P1 APy, Q1 A Q2>k.

Lemma 90 (AFRAME). VZ.(P,Q), C VZ. (P* R,Q * R),

Proof. Let p such that it closes both specifications.
Let p,r € VIEW. By definition[19 p < p * 7.
Therefore, by definition 26}
p
P00 = (v et S ImE Y el Y
Vr € VIEW.Vw € (P)? * (R)? *r.h € |[w]k:
AT w G, w AR € [[W ]k Aw' € (Q)° * (R)? = r}
= by definition [22]
Vr € VIEW.Vw € (P R)? xr. h € ||w]|g,
AT w Gy, w AR €Wk Aw' € (]Q*RDP*T‘}
= a((P* R)”, (Q = R)”), (h)

C { k' € HEAP

h' € HEAP

Therefore, by definition 44 R[vZ. (P, Q),]° € R[VZ. (P * R,Q * R),]’.
By lemma 12} (R[VZ. (P,Q),]")| C (RIVE. (P* R,Q * R),J)".

Then, by lemma VZ. (P,Q),]” C [VZ.(Px R,Q = R),]".
Thus, by definition VI (P,Q), CVZ. (PxR,QxR),.

Lemma 91 (ASTUTTER). VZ. (P, P),;¥Z. (P,Q), CVi. (P,Q),

Proof. Let p such that it closes V. (P, Q),.

By definition and specifically the rule,

(RIVZ. (P, P):¥E.(P.Q),])' € (RIVE(P.Q),])'.

Then, by lemma IVZ. (P, P),;VZ.(P,Q),]" C [VZ.(P,Q),]".
Thus, by definition VZ. (P, P);VZ.(P,Q), CVZ. (P, Q).

Lemma 92 (AMUMBLE). Vi. (P,Q), C Vi. (P, P'),;V&. (P, Q),

Proof. Let p such that it closes both specifications.
By definition and specifically the rule,

(RIVE. (P,Q),]°)| € (RI¥Z. (P, P'),:¥a. (P, Q),1")".

Then, by lemma IVZ. (P,Q),]” C [VZ.(P, P),;VZ (P, Q),]".
Thus, by definition [B6} VZ. (P, Q), C VZ. (P, P'),;VZ. (P',Q),.
Lemma 93 (AINTERLEAVE).

VE. (P, Q1) || VZ. (P2, Q2),,
C (V7. (P1, Q1) VT (Po, Q2)y,) U (V7. (Po, Q2) 4 V. (P1, Q1))
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Proof. Let p such that it closes both specifications. Let mq, mg € (HEAP x HEAPE) U{$,¢}. Then, by deﬁnition
my || me = {mimz, mam:}.
Therefore, by definition [44]

RIVZ. (P1,Q1),]” || RIVZ. (P2, Q2),]"
= (RIVZ. (P, Q1),]" s RIVZ. (P2, Q2),]”) U (R[VZE. (P2, Q2) 1" s RIVE. (P1, Q1),]")

Then, the result is established by lemma [I2] lemma [I6] and definition [36] O
Lemma 94 (ACONS). If P = P' and Q' = Q, then VZ.(P',Q'), T VZ.(P,Q),.

Proof. Let p such that it closes both specifications.

From the first premiss, when P is satisfied, then (P)? C (P’)”.

From the second premiss, when @’ is satisfied, then (Q')? C (Q')”.

Then, from definition [26} it follows that for all h € HEAP, a((P’)?, (Q)?), (h) C a((P)?, (Q)"),, (h).

Therefore, R[VZ. (P',Q"),]” C RI[VZ.(P,Q),]".

Then, by lemma |12 (R[VZ. (P, Q"),]°)" € (RIVZ. (P,Q),]")".

Thus, by lemma [I6] and definition [36] VZ. (P’,Q"), C VZ. (P, Q),. O

Lemma 95 (ACHOICE). VZ.(P,QV Q'), CVZ.(P,Q), UVZ.(P,Q"),
Proof. Let p such that it closes both specifications.

By definition [22) and definition 26}

a((P)?, (@ Vv Q')?), = a((P)?, (Q)” U (Q')?), = a((P)?, (Q)), Ua((P)?, (Q')°)y.
By definition [44]
RIVE.(P,QV Q') ]’ =

(h,l') € MOVE | # € VAL AW € a((P)rle=7 (Q v Q)rlE=ol) (h)}
7 € VAL A a((P)PlE7 (Q v )Pl (h) = @}

ARV QNI

U{ (h,3) € HeaP!

U{G)}
= by definition

(h,h') € MOVE

56@/\/1’63( D[maﬁ] Dp[i’»—m‘;‘]u(] D zn—w) ()}

0L hs) € Hmapt | 7€ VALAR(PYE, (@ Dp[m]uqczb[f”%(h):@}

u {9}

Dot
AQYAFT U (@)

- {(h, 1) € MOVE | # € VAL A ' € a((P)17, (Q)rle=7) (h)}
U {(h,h’) € MovE | 7€ VALAK € a((P)elE=a (Q)rlE=ly h)}
o et | 75 SRR @, 0 =0l
{0 u{to}
c {(h7h’) € MOVE | 7€ VAL AR € a((P)rlE=7, (@)rle= ) (h)}
U {(h, h') € MOVE | # € VAL AN € ((P)PlE=21 (Q)rlE=oT) (h)}
olEs

€ a
U4 (h1) € HEap 176\7&“(@3

A QP 2

7] (] DP[IH”]);C (h) _ @}
RS \Eﬁ A a((]P[)P[””HU] Q [)P[fHU])k (h) = @}

U« (h,) € HeAp

{0 u{G}
= by definition [44]

RIVZ. (P, Q) ]° UR[VZ. (P,Q"),]"

MY 0
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Then, by lemma

(RIVZ.(P,QV Q"),]°)" € (RIVZ. (P,Q), UVZ. (P,Q'),]°)".

By lemma [16] [VZ. (P,Q v Q'),]° C [VZ.(P,Q), UVZ.(P,Q"),]’-
Thus, by definition |36, VZ. (P,Q V Q"), T VZ.(P,Q), UVZ. (P,Q"),

Lemma 96 (ARLEVEL). If k; < ks, then V. (P,Q),, CVZ. (P,Q),,

Proof. Let p that closes VZ. (P, Q) _.
Fix h € HEAP. By definition [26]

Vr € VIEW.Yw € (P)? x7.h € |w]g,,
a((]P[)”7 (]QD”)kl (h) = {h/ c HEAP AT w G w /(\] hP c uw/ﬂk ”;\uJJJ/ 16 GQDp *7‘}
=by [wlk,: = [wlke:s LW lky; = [[w' ||k,; as all regions are opened

Vr € VIEW.Vw € (P)? * 7. h € [[w]k,; }

!
{h € HEAP AT w G, w AR € W [Jkgnw’ € (Q)P x 7

g by le;gGk2§

/ Vr € VIEW.Yw € (P)? *r.h € [[w]|k,,
{h € Heap AFw' . w G, w AR € ||[w || aw' € (Q)F *r

a((P)?, Q) (h)
From this and definition 44} R[vZ.(P,Q), ]” € R[VZ. (P,Q),,] -

(P,
By lemma (R[[Vx (P, Q) ]] )T C ( [[Va: (P, Q) kz]] )T.
Then, by lemma Vx (P, Q) 1]],) C [[Vx (P, Q) k2]]p

Thus, by definition Vf. (P, Q>k1 C VZ. (P, Q>k2'
Lemma 97 (AUSEATOMIC). IfVz € X. (z, f(z)) € Te(G)*, then
Vo € X (I(th(x)) * P =[G, , I(th(f(x)) * Q), =Va € X. (th(x) « Px[G], , th(f(2) *Q), .,

Proof. Assume the premiss.
Fix p such that it closes both specifications. Fix v € X.
Let P' = I(t5(z)) * P = [G], and Q' = I(t%(f(z))) * Q.

a (qp/Dp[mHv], qQ/Dp[va])

. (h) = {h’ € HEAP

Vr € VIEW. Yw € (P')? s v h € [[w])
A w Gy, w' AR € | [[gaw’ € (Q)PE %y

Let w € (tf(x) * P [G],)?. Then, |w]y = |@]k41. o
Let w’ € (tX (z) * Q)?. From the guarantee, W Gy 1. w’, and we have that [[w’[|x = [[w[[x11-
Therefore,

{ W e Heap | 77 € VIEW.Vw € (P')PlE=vl s b€ [Jw] }

AT w Gy, w' AN € |w'][g Aw' € (Q)PIFv] %

Vr € VIEW. V@ € (P/)Pl s r. b € lizipsry
AT W Gy, W AN € |0 ||py1; A’ € (]Q/Dp[a;n—w] .

= {h’ € HEAP

(Pl @)) )

k+1

where P’ =tk (2) x P+ [G], and Q' = t5(f(z)) * Q.
Thus, from definition [35]
[V € X. (I(tk(z)) « P« [G],, . I(tE(f(x))) * Q)k]]: =
[[vx € X. (t5(x) « P+ [G], , t5(f(x)) * Q>k+1]]
Then, from definition [36]

Vo € X. (I(t5(x)) * P [G], , I(t5(f(2))) * Q), = Vo € X. (th(x) * P+ [G], ,t5(f(2)) * Q) ,
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D Proofs of Hybrid Specification Statement Refinement Laws

Lemma 98.
VZ. (P x P(Z), P" x P(Z )>k,V$ Jy. {P"}(P(Z

, QT 9){Q (T, 9) .
C vZ. 3g. {P'}(P(2), Q(F, ) {Q' (7,

D
Proof.

VI (P * P(Z), P" x P(Z)),; V2. 3y {P"HP (%), Q(Z, M) {Q"(Z,9) }x
C by lemma [6] [ACONS| [AEARLY] and [FAPPLYELIMREC]
I’ VZ. (P« P(Z), P" Ap' x P(Z)),;
pA. Ap. 3Ip’' VE. (px P(Z),p * P(Z)),; Ap
U 3%, 4. 3p". (p* P(Z),p" * Q(Z,§));
NB )\p//. Elp///. <pll7pll/>k; Bp//l
U (p", Q" (T, 9))y,

_p//
. p/
C by |ASTUTTER] |ACONS| [AEARLY|and [CMONO|
Ip.VZ. (P x P(Z),P' Ap* P(D)),;
3p' . VZ. (p* P(Z), P" ANp' % P(Z)),;
pA \p. 3p' NVE (p* P(Z),p’ * P(Z)),; Ap'
U 3%, 4. 3p". (px P(&),p" *Q(Hf 9)) ks
MB-)\Z)N Ep/// < // // >k7Bp/

U, Q'@ _')>k

.p//
. p/
C by |[ACHOICEELIM] [ACHOICECOMM] [UNROLLR) and |CMONO|
dp.VZ. (P' % P(Z),P" Apx* P(Z)),;

pA. Ap. 3p' VZ. (p + P(Z),p" » P(Z))
U3z, g. 3. (px P(Z),p" *

vy
= by definition [40]
vZ. 3y {P'HP(Z), Q(Z, §)){Q"(Z.9) },

Lemma 99 (HUseATOMIC).

Va, .35 {P'}(I(tg ( €,2)) * P(x,%) x [G(&")], . I(t& (€. f(2))) * Q(x, Z,9)){Q'(Z,9)},
C Va, 2. 35 {P'}(t6, (€, x) * P(x, ) x [G(¢ )]aat’é(  f(@)) * Q(a, D) Q' (T, D) i

Proof. By definition A0} [AFRAME] [AUsEATOMIC] [RLEVEL] and [CMoONO}

Lemma 100 (HFRAME).

Proof. By definition |IAFRAME[ and [CMONO}

Lemma 101 (HSTRENGTHEN).
V& 37 (PHP + P(2), Q' (&, §) * )
C Ve 37 {P' + P'HP(@), Q@ DIQ @ ) * Q' (7.9)},
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Proof. By definition [0} [AFRAME] and [CMoNO}

Lemma 102 (ATOMIC).

VZ. (P'x P(%),3y. Q' (7,9)
C vz 3§ {P'}P(Z y

Proof. Trivial, using |JAMUMBLE| and |[IND}

Lemma 103 (HEELIM).

V.’E f 337 {P/}< ( f)7Q($7fag)>{P/(xaf)g)}k
C VZ. 3y. {P'}(3z. P(x, %), 3. Q(z,Z,y)){3z. P'(z,Z,9)},

Proof. By [AEELIM| and [CMoNO|

Lemma 104 (FASTUTTER).

VE AP} (P(Z

r), P
C V. 3g. {P’}< ( 7), Q(w :L/)HQ( 9t
Proof. First,

VZ AP }(P(Z), P(Z)){P"},;
= by definition
Ip.VE (P * P(Z), P' Ap* P()),;
pA. Ap. 3p' NE. (p x P(Z),p * P(Z)),; Ap'
U 3E.3p". VI (p* P(Z),p" * P(E)),;
ILLB )\p//. ElpI/I. <p// //l> Bp///
u <p//, Pl/>

/!

‘D

P
C by [AFRAME|, [AUELIM], [EELIM] and [CMONO|
Ip.VZ. (P'* P(Z),P' ANpx* P(Z)),;
wA. Ap. I NZ. (p* P(Z),p * P(Z)
U 32 3p". (px P(Z),p" = P(x
uB. \p”. 3Z. " V. (p" *
LVZE e X. (p" + P(D),

/!

P
P
C by |JACHOICECOMM| |ACHOICEELIM] [UNROLLR] and [CMONO|
Ip. VL. (P' % P(Z),P' ANpx* P(Z)),;
pA. Ap. I NE. (p* P(Z),p' * P(Z)),; Ap’
U pB. Ap”. 3Z.3p" VZ. (p" * P(Z),p" * P(Z)),; Bp""
U VZ. (p" x P(Z), P" x P(Z)),

/!

P
p
C by for premiss: a-conversion, [AEELIM] [EELIM|, [ACHOICEELIM| and [UNROLLR]
dp.VZ. (P' « P(Z), P’ N p* P(E)),;

pA Ap. 32.3p' . (p* P(Z),p * P(Z)),; Ap/
U VZ. (p* P(Z), P" « P(Z)),

D
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Then,

VZ {P'Y(P(Z), P(Z)){P"}; V& 35 {P"}(P(Z), Q(Z, D) {Q'(Z, §) },
C by
Ip.VE. (P % P(Z), P' Ap* P(Z)),;
pA \p. 3Z. 3P (p x P(T),p * P(Z)),; Ap/
U VZ. (p* P(&), P" % P(T)),,
- D;
VZ. 3§ AP P (@), Q& HH{Q(Z,9)}4
= by [ACHOICECOMM]| and [RECSEQ)
Ip.VE. (P x P(Z), P’ Ap* P(Z)),;
pA. Ap. 32.3p'. (p * P(Z),p' * P(Z)),; Ap'
U VZ. (p* P(Z), P" x P(Z)),;
VZ. 35 {P"}(P (%), Q(&, 1) {Q'(Z,7) },

P
C by lemma [98 and
Ip.VE. (P'* P(Z),P' Npx* P(Z)),;
pA Ap. 32.3p'. (p* P(Z),p’ * P(Z)),; Ap
U v 3y {ApH(P(D), Q(Z, Y)){ Q' (Z,§) }r
P
C by for premiss: lemma [08] [CMoONO| and [ACHOICEEQ] [ASTUTTER] and definition [40]
V2. 37 (P} (P(), Q& Q.1 )

Lemma 105 (EMUMBLE).

V. 3] {P"HP(), Q(Z, N){Q (Z,7)},
C VZ. {P'}(P(Z), P'(Z)){P"},; V2. 3g. {P"}(P'(Z), Q(&, )){Q'(Z,7)},

Proof. By steps in definition [40] create the recursive function for
vZ. 35 {P"HP (D), QU Q' (F, )}, Then, apply O

Lemma 106 (HDISJUNCTION).

VZ. 3y {P'}(P(), Q(Z, i) {Q(Z,9) },, U VL. Iy { P"}{P'(z), Q'(
Cvz. 3y {P"v P"}(P(Z) Vv P'(Z),Q(Z,§) vV Q" (Z,y){Q"(Z,§) V ”(f,y)}k
Proof. First we observe the following:

VE. 37 {P'HP(Z), Q(Z, 7))
Elp,p” V. (P’ * P f)y '

5’B )\p// Elp/// < ///> .Bp///
U@,
P

Each recursive function above is structurally similar to the recursive function of a Hoare specification statement
according to lemma [7} Thus we proceed as in lemma 113 O

Lemma 107 (HCONJUNCTION)).

vZ. 3y {P"}{P(Z), Q(T, Y){Q'(T, )}, M VZ. 3G AP" HP'(Z), Q(Z, §) {Q" (T, 9) },.
C VZ. 3y {P' A P"HP(E) A P'(E), QT §) A Q' (E, )){Q (%, §) A Q"(Z,1)},
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Proof. Similarly to lemma [106

O

Lemma 108 (HCoxs). If P' = P, and V7 € X. P(¥) = P'(%), and Vi € X,j€ Y.Q" (& 7) = Q'(Z7), and

vie X.Q(7.9) = Q(F.7), then

vZ. 3. {P" WP (%), Q'(7, f
C vZ. 37 {P'}(P(@), Q(f,zi)>{Q’(i“',l7

Proof. By definition [ACONS| and [CMoONO]

Lemma 109 (HRLEVEL). If k1 < ko, then

VZ. 3y {P'}(P(2), Q(Z,§)){Q'(Z,9)},,
C VZ 37 {P'}(P(Z), Q(Z, 7))

Proof. By on definition [40]

E Proofs of Hoare-Statement Refinement Laws

Lemma 110 . If CIFA{P, R}, andy C I+ {R, Q},, then ¢;9 T I+ {P, Q},.

Proof. Follows directly from the premisses, definition [ASTUTTER] and [CMONO!l

Lemma 111.
I-{P, Q},=3p. (P*xI,PApxI),;

pAXp. 3’ (px1,p" * I),; Ap'

U (pxI,Qx*1I),
vy

Proof. Similarly to lemma [7}

Lemma 112 (DISJUNCTION). If ¢ C I+ {Py, Q1}), and ) T I+ {Ps, Q2},, then

PUY CIE{PV Py, Ql\/QZ}k

o1



Proof.

¢ U1 C by [CMoN0]
TP, Qi}, UlE{P, Qa2}y
C by lemma [I11] lemma [6} [FAPPLYELIMREC, [ACHOICECOMM] and [CMONQ|
<P1*I,Q1*I>k U <P2*I,Q2*I>k
U3p. (Pr*I,p «I) ;I {p, Qi}, U3p. (PoxI,p «I) ;I {p, Qa},
C by [ACHOICEASSOC] [EACHOICEDST| and [CMONOQ|
<P1 *I,Ql *I>k|—| <P2*I7Q2*[>k
U3 ((PoxI,p' «I); TH{p, Qi},)U(PaxI,p 1) ;I {p, Q2},)
C by PDisjuncTION, |CONS| and [CMONO|
<P1 \/PQ*I7Q1 \/QQ*I>k
U 3p. ((PrxLp" « ) TEAD', Qi) U((Pex Lp « D) THA{p', Qaty)
C by [HCoNS| and [CMoONQ|
<P1 \/PQ*I7Q1 \/QQ*I>k
U le ( <P1 *Iap/ * I>k7—[ F {pla Ql \/QZ}k) u ( <P2 *va/ *I>k7[ = {p/7 Ql \ QQ}k)
C by [ACHOICEDSTR] and [CMONO|
<P1 \/PQ*I,Ql \/QQ*I>k
U3 ((PrxI,p«I), U (PaxI,p'«1).);I{p, Q1V Qa2};
C by PDisjuncTION, |CONS| and [CMONQ|
(PLV Py xI,Q1VQ2x1),
U3p. (PLVPyxIp 1) ;TH{p, Q1VQz},
C by [ACHOICECOMM]| [FAPPLYELIMREC] lemma@ and lemma [111
I'={P,V Py Q1VQ2},

Lemma 113 (CONJUNCTION)). If¢ C I+ {Py, Qi}, and ) T I+ {Ps, Q2},, then
MY CITE{PI APy, Q1 AQaYy.

Proof. Similarly to lemma 114

Lemma 114 (PARALLEL). If ¢ T I+ {P1, Q1}, and ¢ C I+ {P,, Q2},, then
G|V TETEA{P %Py, Q1% Q2}y-

Proof. First we show the following:

ITHEA{P* Py, Q1% Q2}y,
= by lemma [111] and lemma[g]
(PrsPyxI,Q1xQ2x1I),
U3p'. (PrxPyxI,p' 1) ;TF{p, Qi1xQ2};
3 by [ACHOICEELIM]
(PrxPyxI,Q1xQox1I),
= by STUTTER and [IND|
Ip. (Pr*x PoxI,(Py*Po) Ap*1I);
(A Xp. (p+ I,Q1 % Qo x ), UAp)p

Next, for the recursive function derived above:
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(Pr#Pox1,Qu*Qax D) U(IF{P, Qi) || I F{P1, Q2};)
5 by [ECHOGR I

TEAP, Qi I T {P1, Qo)

Thus, by and

IT={P, O}, | IF{P1, Q2}, ETF{Px Py, Q1 xQ2},

The result follows by the premisses, [CMONO| and [[RANS|

O
Lemma 115 (FRAME). I+ {P, Q}, EI+{P xR, Q* R},
Proof. By definition [AFRAME| and [CMONO| O
Lemma 116 (EELIM).
EELIMHOARE
IT-{P, Q},CIF{3y. P, 3y.Q},
Proof. By definitions 1] and 0] EPELIM and O
Lemma 117 (EARLY)). If z & free(P)U free(l), then
o IEAP, QY =1H{P, J2.Q},
Proof. By definition 1] and EAATOM. O
Lemma 118 (HyYBRID| Proof).
VE. AP NP () * 1(2), Q(Z, §) » LX) {Q'(Z, 1)},
C3re X. () + {p « P(7), 37 € Y. Q(7,§) * Q(F, g‘)}k
Proof. Direct, by definition 1] and
O
Lemma 119 (Cons). If P = P’ and Q' = Q, then I - {P', Q"}, T I+ {P, Q},.
Proof. By definition [41] and O
Lemma 120 . If k1 < ko, then {P, Q}, EA{P, Q},,-
Proof. By definition [41] and O

F Extra Proof Sketches

Figure 1| contains a full proof sketch of the Lock() operation, including the full detail of derivation of a specification
for the call to the open() POSIX operation.
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lock(lf) =

ASTUTTER] [IND]

let fd = open(lf,0_CREAT|0_EXCL)

let p = dirname(path);let a = basename(path);let r = resolve(p,to)

STUTTER
CVFS € LF(). (5(FS), fs(FS)ApESr);
if —iserr(r) then
return link new_file(r, a) M eexist(r, a) Menotdir(r, a)
VFS e LF(If).
E [fs(FS)Ap £,
(fs(FS) = fd = EEXIST) V (3FS". k(FS, FS', If)  fs(F'S") * fd(fd, —, 0))
else return r fi
VFS € LF(If).
C /fs(FS)Ap £ r,
(fs(F'S) * fd = EEXIST) V (3FS". Ik(F'S, FS', If) x fs(F'S") * fd(fd, —, 0))
VFS e LF(If).
C [fs(FS)Ap 57,
(fs(F'S) * fd = EEXIST) V (3FS. k(FS, FS', If) * fs(F'S") * fd(fd, —, 0))

1M
STUTTER

UseEATOMIC
VFS € LF(If)

GFS(FS) = [LF(if)],
<((GFS(FS) * fd = EEXIST) V (IFS" € LK(If). GFS(FS’) * fd(fd, —, —))) * [LF(lf)}>

Im

IFS € ULK(If). GFS(FS) « [LE(7)],
< (3FS € LK(If). GFS(FS) = [LF(If)]) V >
(AFS € ULK(If). GFS(FS) * [LF(if)] * fd = EEXIST)

if iserr(fd) then
lock(lf)

C (3FS e ULK(If). GFS(FS) * [LF(Z]* 3FS € LK(If). GFS(FS) = [LF(If)])
AFS € ULK(If). GFS(FS)  [LF(If)] * fd = EEXIST,
=\ 3FS € LK(If). GFS(FS) % [LF(If)] * fd = EEXIST

else

close(fd)

C (fd(fd,—,—), true)

C (3FS € ULK(If). GFS(FS) « [LF(If)], IFS € LK(If). GFS(FS) * [LF(if)])
fi

C (3FS € ULK(f). GFS(FS) * [LF(If)], 3FS € LK(If). GFS(FS) * [LF(If)])

[ACONS, [AUSEATOMIC|

C Vo € {0,1}. (Lock, (If, v) * [G],, , Lock, (If, T) = [G]_ * v = 0)

Figure 1: Complete lock() specification proof sketch.
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